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Abstract 

This paper presents the mathematical model of DCMGs with PV arrays for traction substations in 

heavy rail systems. The considered power system consists of many power converters in which the 

dynamic model is time-varying due to the switching actions inside the power converters. The time-

varying model is not usable for system analysis and design. Hence, this paper describes how to derive 

the time-invariant model using the combination of DQ and GSSA methods. The simulation results 

using the SimPowerSystem® block set on MATLAB are used to validate the proposed model. The 

results show that the proposed model can provide accurate transient and steady-state responses. 

Moreover, simulations using the proposed model can reduce the simulation time by 72% compared 

to the exact topological model of MATLAB. The resulting averaged models are also beneficial for 

studies of the dynamic behavior of complex power systems. 
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Introduction 

Nowadays, the electrical railway system has 

increased because of the expansion of the urban 

society population. In Thailand, the Metropolitan 

Rapid Transit (MRT) mass rapid transit systems 

serve the Bangkok metropolitan region in which 

almost of all systems are heavy railways that can 

accommodate many passengers (Kingmaneerat  

et al., 2023). As for heavy railways, the twelve-

pulse diode rectifier is used for the conventional 

electrical system to convert the alternating current  

 

 

 
 

 

(AC) to direct current (DC). However, it is not 

flexible to connect with renewable energies as well 

as the regenerative braking from the trans. In this 

paper, the bi-directional voltage source converter 

(VSC) or PWM rectifier is introduced. The 

conventional rectifier will be replaced with the  

bi-directional PWM rectifier in which the power 

flow between the AC source and the DC bus can be 

allowed (Pakdeeto et al., 2017). Thus, the PV arrays 

or other renewable energies can be connected to 
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the conventional system via the PWM rectifier as 

well as the regenerative braking from the electric 

train. The considered electrical power system in this 

paper can be called the direct current micro-grid 

system (DCMG) (Kumar et al., 2015; Pakdeeto  

et al., 2021). There are a lot of power converters 

inside the heavy rail systems such as the PWM 

rectifiers and the inverters of traction motor drive 

systems. The behavior of controlled power 

converters acts as the negative impedance called 

“constant power loads (CPLs)” (Cespedes et al., 

2011; Rivetta et al., 2005). These loads can degrade 

the system stability. Therefore, the stability analysis 

is very important. For stability analysis, the accurate 

mathematical model is very crucial (Hong et al., 

2019; Phosung et al., 2021). Furthermore, these 

models are not only used for analyzing system 

stability, but they are also used for studies of 

dynamic behavior of complex power systems with 

the fast computational time (Ngamkong et al., 

2012). 

Generally, the mathematical models of power 

converters are time-varying due to the switching 

functions. It is complicated to use these models for 

stability studies. Moreover, the time-varying model 

uses the huge computational time for simulation. 

From the literature reviews (Areerak et al., 2008; 

Emadi, 2001; Ngamkong et al., 2012; O’Rourke  

et al., 2019), the direct quadrature (DQ) method and 

the generalized state-space averaging approach 

(GSSA) are suitable for deriving the model of  

the three-phase power converters and DC-to-DC 

power converters, respectively. Therefore, in this 

paper, the DQ method is used to eliminate  

the switching action of bi-directional PWM 

rectifier, while the GSSA method is used for 

analyzing the boost converter including the 

maximum power point tracking (MPPT) algorithm. 

As a result, the time-invariant model of the proposed 

heavy rail systems can be obtained. The exact 

topological model from MATLAB is used to 

validate the proposed averaged model. 

The main advantages in this research are as 

follows: 

• The details how to derive the time-

invariant model by the combination between the DQ 

and GSSA methods are presented. 

• The bi-directional VSC to replace the 

conventional diode rectifier is presented to support 

renewable energies and the regenerative braking in 

the future 

• The DC bus voltage is regulated by the  

bi-directional VSC as the constant value. It is 

different from the conventional diode rectifier in 

which the DC bus voltage is not controlled. 

• The proposed model can provide accurate 

responses with the faster computational time 

compared with the exact topological model in 

MATLAB. 

This paper is structured in five sections as 

follows: The first section is the introduction.  

The second section is the considered system.  

The details how to derive the time-invariant 

mathematical model are addressed in the third 

section. The model validation using the exact 

topological model in MATLAB is presented in  

the fouth section. Finally, the fifth section is  

the conclusion. 

Considered System 

In this paper, the novel heavy rail system 

represented by the DCMGs with PV arrays is 

illustrated in Figure 1. The considered system 

consists of three parts as follows: The first part is the 

main power from the Metropolitan Electricity 

Authority (MEA) of Thailand feeding the 

substation. In the substation, the power can be 

divided into two ways which are the traction system 

and depot passenger station. The second part is  

the traction load system where the amounts of trains 

equal to two are maximum per station. The traction 

loads behave as a CPL. The last part is the PV arrays 

including the MPPT algorithm used to track  

the maximum power at any irradiances. As for  

the second part, the twelve pulses diode rectifier of 

the conventional system are replaced by the  

bi-directional VSC which has the cascade PI 

controllers for the DC bus voltage regulation. 

However, the depot passenger station that is used to 

operate as the control center as shown in Figure 1 

(grey area) is not focused in this paper. Therefore, 

the equivalent circuit of the considered system is 

depicted in Figure 2  in which the PI controller is 

used to regulate the DC link voltage. The PI 

controller is designed based on the coefficient 

 
 

Figure 1. Heavy rail system 
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comparison with the standard second order system 

transfer function. However, this paper focuses on 

only how to derive the time-invariant model using 

the proposed averaging method. The controller 

design process is not considered in the paper.  

The results will show that the proposed model can 

provide the accurate response compared with those 

from the exact topology model of MATLAB.  

The main assumption for the model derivation is 

that the system has to be operated under the 

continuous conduction mode (CCM). 

Mathematical Model Derivation 

This section describes the details of how to derive 

the mathematical model of DCMGs with PV arrays 

for traction substation in heavy rail systems as 

shown in Figure 2. However, from this figure,  

the MEA source will supply the load through  

the transformer with the voltage ratio. For the 

derivation, the ideal three-phase voltage source is 

used to represent the voltage at the source bus by 

ignoring the dynamic behaviors of the transformers. 

In this paper, the combination between DQ and 

GSSA methods will be used to eliminate the time 

variable, resulting in a time-invariant model. 

 

DQ Method 

The DQ method is based on the Park’s 

transformation. This transformation is used to 

convert the three-phase functions into the D and  

Q axes. These axes are the rotating frames in which 

the angular velocity is related to the frequency of 

three-phase functions as shown in Figure 3. 

From Figure 3, the D and Q axes are always 

perpendicular, and they always rotate at the same 

frequency as the three-phase function. The result of 

this technique is that the values on the D and Q axes 

will be constant similarly to the DC components. 

The three-phase variables are converted into these 

axes that can be calculated with Equation 1 

(O’Rourke et al., 2019). 

 0 0dq dq abc
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After the DQ method is applied, the equivalent 

circuit of the three-phase power system of the 

considered system will be the DC circuit. Moreover, 

the bi-directional VSC can be modeled into the ideal 

power transformer (Pakdeeto et al., 2017) as shown 

in Figure 4 where the time variable of the switching 

function from this rectifier will not appear in the 

model. In Figure 4, the controllers are still not 

considered in this step. In addition, the PV arrays 

will be replaced with the ideal DC-current source 

(Izadian et al., 2012). As for the equivalent circuit 

in Figure 4 , it is very simple to obtain the set of 

differential equations using the basic circuit theory. 

In this paper, the source bus voltage level can 

be calculated by the MEA voltage multiplying the 

turn ratio of transformers. The source bus voltage  

(Vs) will be equal to 110 Vrms. Hence, the ideal 

voltage source equal to 110 Vrms/phase can be used to 

represent the main power supply of the heavy rail 

systems. The voltage source in d-q axes can then be 

 
 

Figure 2. Considered system 

 
 

Figure 3. DQ transformation diagram 
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calculated with Equation 2 in which the diagram of 

axes rotating can be depicted in Figure 5. The Vt and 

M̂𝑘 as seen in Figure 5 are the terminal voltage and 

vectors of modulation index of the bi-directional 

VSC, respectively. 

 

, 1

, 1

cos( )3

sin( )2

s d m

s q m

V V

V V

 

 

−   
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where Vm is the peak voltage of Vs. The ϕ and ϕ1  

are the source bus angle and angle rotation of  

the DQ-axis, respectively. 

 

GSSA 

The GSSA will be applied to the DC-to-DC 

power converters to eliminate the switch function of 

boost converters. Generally, the switching function 

of DC-to-DC power converters is periodic as 

depicted in Figure 6. It is well-known that the 

periodic function can be represented with complex 

Fourier series as calculated in Equation 3 (Emadi, 

2001) where the ωs is equal to 2π / Ts. 

( ) ( ) sjk t

k k

f t x t e




=−

= 
 (3) 

From Equation 3, the 〈𝑥〉𝑘(𝑡) is the complex 

Fourier coefficients that can be calculated in 

Equation 4, while k is the harmonic order and Ts is 

the switching period. 

1
( ) ( ) s

t

jk t

k

t T

x t f t e dt
T

−

−

= 
 (4) 

As for the switching function u(t), it can be 

calculated in Equation 5 when the k is set to 0  

under the zero-order approximation. For this 

approximation, the higher-order harmonics are not 

considered. It is sufficient for this research work 

because the harmonic does not affect the controller 

design or system stability (Pakdeeto et al., 2017). 
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where the d is the duty cycle of power converter 

equal to ton / Ts. 

 

PI Controller 

The cascade PI controllers is used to regulate 

the DC bus voltage as a constant value by 

controlling the bi-directional VSC. The block 

diagram of the controller is illustrated in  

 
 

Figure 4. Equivalent circuit on D-Q axes of the considered system 

 
 

Figure 5. Axes rotation diagram 

 

 

 
 

Figure 6.  Switching function of DC-to-DC power 

 converters 
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Figure 7 where the 𝑀𝑑
∗  and 𝑀𝑞

∗ can be calculated in 

Equation 6. 
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In addition, this controller can allow the power 

flow between the DC bus and the MEA source. 

When the power from the auxiliary source (PV) 

exceeds the load requirements, the remaining power 

can supply the MEA through the bi-directional 

VSC. On the other hand, the power can be supplied 

to the load with the combination of MEA source and 

PV arrays, resulting in more reliability. 

 

MPPT 

This paper proposed that the PV arrays are 

the auxiliary source of the considered system.  

The characteristics of the PV arrays can be 

illustrated in Figure 8 which is the general relation 

between power-voltage (P-V) and current-voltage 

(I-V) of the PV arrays. These curves show the 

maximum power point (MPP) and it depends on the 

irradiance falling on the PV panels. To obtain the 

maximum power at any irradiance, the MPPT using 

the perturbation and observation (P&O) algorithm is 

applied (Abdelsalam et al., 2011; Boukenoui et al., 

2015). In this paper, it is assumed that the dynamic 

of the P%O algorithm is very fast compared with the 

dynamic of the whole system. Thus, the d* is set to 

the constant for each irradiance, and the d* can be 

calculated by Equation 7. 

 
 

Figure 7. PI controller diagram 

*

*
1

mpp

dc

V
d

E
= −

 (7) 

( )
. .

3
1

. .

. . ( ) 1

1

g pv pv s

ref t s t p

o c

t

E V I RT

T nCV N nCV N nCVs c

pv p s c i ref V
ref ref

nCV

IG T
I N I K T T e e

G T
e

    
   − +     

    

 
  
 

              = + − − −                         −    (8) 

, , , , ,

, , , , ,

, , , ,

, , , ,

*

, , , ,

1 1

1 1

1 1

1 1

1
F

eq

s d s d s q bus d s d

eq eq eq

eq

s q s d s q bus q s q

eq eq eq

bus d s d bus q in d

eq eq

bus q s q bus d in q

eq eq

L pv pi dc

in d bus d in d in q

F F

R
I I I V V

L L L

R
I I I V V

L L L

V I V I
C C

V I V I
C C

R K K E E
I V I I

L L











= − + − +

= − − − +

= + −

= − −

= − + −
,

,

, , , ,

*

, , ,

1
F

dc pv pi dc dc iv pi dc v pi in d dc ii dc id

r F r F r F r F r F

L pi in q dc ii dc iq

in q bus q in d in q

F F r F r F

pv pi dc in d pv pi dc in d iv pi in d v pi i

dc

r F r F r F

K K E E K K E X K I E K E X

A L A L A L A L A L

R K I E K E X
I V I I

L L A L A L

K K E I K K E I K K I X K I
E

A C A C A C



+ − + −

= − − + −

= − + −
, , , , ,, , ,1 ,2*

*

,

,

*

*

,

(1 )

(1 )

n d in d pi in q in q ii in q iqii in d id L boost CPL CPL

r F r F r F r F F F dc F dc

id pv dc pv dc iv v in d

iq in q

v dc dc

pv dc

L boost

boost boost

L

pv

I K I I K I XK I X I P P
d

A C A C A C A C C C E C E

X K E K E K X I

X I

X E E

V E
I d

L L

I
V

+ − + + − − −

= − + −

= −

= −

= − −

= −
, pvboost

pv pv

I

C C



































 +



 (9) 



 

010265-6 Averaged Model of DCMGS with PV Arrays for Traction Substation in Heavy Rail Systems 

After the DQ and GSSA methods are applied, 

the Md, Mq, and d will be set equal to 𝑀𝑑
∗ , 𝑀𝑞

∗ and d*, 

respectively. In addition, the Ipv of PV arrays can be 

calculated in Equation 8 in which the deep details of 

Ipv can be found in (Izadian et al., 2012). The time-

invariant model of the considered system can be 

shown in Equation 9. 

Model Validation 

The system parameters used for the model 

validation can be shown in Table 1. 

As mentioned before, the considered power 

system is presented to be a future choice for adding 

renewable energies into the conventional heavy rail 

system. From the literature review, rooftop areas of 

the consumer station of the railway system in 

Thailand are about 250 m × 18 m (width × length). 

If the PV panel (400 W) is used, its size will be 

approximately equal to 3 m2 (Mingpruk et al., 

2023). Hence, number of panels are around 1,240 

arrays and the maximum power is approximately 

equal to 496 kW at 1,000 W/m2. The PV 

characteristics used in this paper can be illustrated 

in Figure 9. 

From the P-V and I-V curves, the maximum 

powers at 1,000, 750, and 500 W/m2 are 

approximately equal to 496, 358, and 233 kW, 

respectively. In addition, the currents from PV 

panels are equal to 1,178, 864, and 548 A in each 

irradiance as seen in Figure 9. To ensure the 

accuracy of the proposed model, the responses from 

the proposed mathematical model will be compared 

with those from the exact topological simulation  

as seen the overall MATLAB model in Figure 10. 

The model validation can be divided into  

3 scenarios: the first is the irradiance equal to  

1,000 W/m2. For this case, the PCPL_tatal (PCPL_1 + 

PCPL_2) is changed from 650 kW to 700 kW and  

750 kW when the t is equal to 1.5 and 2.5 s., 

respectively. The Edc and Iboost responses for the first 

 
 

Figure 8. PV characteristics 

 
 

Figure 9. Considered P-V and I-V curves 

 
 

Figure 10. The exact topological model with SimPowerSystem® on MATLAB 
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case are depicted in Figure 11. Other scenarios  

are the irradiance changing while the PCPL_total is  

the same as the first condition. 

As for Figure 11, the Edc is the DC bus voltage 

and the Iboost is the current through the inductor of 

the boost converter in which this current can be 

represented as the output current from PV arrays.  

It can be seen in Figure 11 that the black line 

obtained from the proposed model is nearly  

the same as the exact topological model (red line)  

in both transient and steady state responses.  

In addition, the current from the PV panels is 

achieved at the maximum power when the 

irradiance is equal to 1,000 W/m2. Hence, the MPPT 

algorithm can be used to achieve the maximum 

power from PV arrays. In addition, the model 

validations when the irradiances are equal to 750 

and 500 W/m2 can be shown in Figures 12 and 13, 

respectively. 

The results in Figures 12 and 13 are the model 

validation when the irradiance is changed as the 

same load from the first scenario. The results can 

confirm that the proposed model is more accurate. 

Moreover, the results show that the DC bus voltage 

regulation and the maximum power can be 

achieved. For the model validation process, the 

personal computer specifications are Intel(R) 

Core(TM) i7-10700 CPU @ 2.90GHz, RAM 16 GB, 

and 64-bit operating system on Windows 10.  

The proposed mathematical model and the exact 

Table 1. System parameters 
 

Parameters Values Descriptions 

Vs 110 Vrms Voltage source obtained from MEA through transformer ratio 
ω 50 Hz System frequency 

Req 1 µΩ Resistance of transmission line equivalent circuit 

Leq 10 nH The inductance of the transmission line equivalent circuit 
Ceq 22 nF The capacitance of the transmission line equivalent circuit 
RLF

 1 mΩ The inductor’s inner resistance of the filter circuit 

LF 5 µH Inductor value of filter circuit 

Cdc 500 mF Capacitor value of filter circuit 

Kpv 44.9881 Proportional gain of the voltage loop 

Kiv 1443.98 Integral gain of the voltage loop 

Kpi -0.00001 Proportional gain of the current loop 
Kii -0.04000 Integral gain of the current loop 

 

_1 650 kWCPLP =

_ 2 0 kWCPLP =

_ 650 kWCPL totalP =

_1 700 kWCPLP =

_ 2 0 kWCPLP =

_ 700 kWCPL totalP =

_1 700 kWCPLP =

_ 2 50 kWCPLP =

_ 750 kWCPL totalP =

 
 

Figure 11.  Model validation at the irradiance equal to 

 1,000 W/m2 

 
 

_1 650 kWCPLP =

_ 2 0 kWCPLP =

_ 650 kWCPL totalP =

_1 700 kWCPLP =

_ 2 0 kWCPLP =

_ 700 kWCPL totalP =

_1 700 kWCPLP =

_ 2 50 kWCPLP =

_ 750 kWCPL totalP =

 
 

Figure 12.  Model validation at the irradiance equal to 

 750 W/m2 

_1 650 kWCPLP =

_ 2 0 kWCPLP =

_ 650 kWCPL totalP =

_1 700 kWCPLP =

_ 2 0 kWCPLP =

_ 700 kWCPL totalP =

_1 700 kWCPLP =

_ 2 50 kWCPLP =

_ 750 kWCPL totalP =

 
 

Figure 13.  Model validation at the irradiance equal to 

 500 W/m2 
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topological model used 3.7801 and 13.66 min, 

respectively for the simulation. The comparison of 

simulation time can be illustrated in terms of 

computational time saving defined by Equation 10. 

 

% 100%
fs av

saving

fs

t t
t

t

−
= 

 (10) 

 

where tfs and tav are the simulation times of the full 

topology and averaged models, respectively. 

According to Equation 10, the proposed 

averaged model can provide %tsaving = 72. It is 

indicated that the proposed time-invariant model 

requires short computational time compared with 

the exact topological model of MATLAB. 

Therefore, the proposed mathematical model is 

accurate and useful for future research such as 

optimal controller design, stability analysis, etc. 

Moreover, the new architecture for heavy rail 

traction systems are useful for the future practice. 

Conclusions 

This paper presents the new architecture for  

the traction substation in heavy rail systems and  

the details of how to derive the averaged model.  

The resulting model can be used for various system 

parameters. The model can provide the accurate 

response under the assumption that the systems  

have to be operated under the CCM mode. The  

bi-directional VSC is used to replace the diode 

rectifier in which it can be available to add 

renewable energies or regenerative braking in the 

future work. However, many converters are used in 

the considered system, resulting in the time-varying 

model. To eliminate the time variable and switching 

function, the DQ and GSSA methods are used  

for the three-phase power system and DC-to-DC 

converter, respectively. After these methods are 

applied, the time-invariant model is achieved. To 

confirm the accuracy of the proposed averaged 

model, the model validation using the comparison 

between the exact topological and proposed model 

responses is presented. The results confirm that  

the proposed model is accurate in both transient and 

steady-state responses. In addition, it can be used to 

provide the system response in any scenarios with 

the fast simulation time compared with the exact 

topological model from MATLAB. For the future 

research work, the proposed dynamic model can be 

used for the stability analysis via the control theory 

as well as the design process of the instability 

mitigation due to the constant power loads inside the 

rail systems. 
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