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Abstract 

In this paper, two-band Ginzburg-Landau (GL) equations for magnetic superconductors were solved 

analytically to determine the temperature dependence of surface critical magnetic field (Hc3).  

By variation method analytically from 1st GL equations and modified to the Changjan & 

Udomsamuthirun’s temperature dependence model. We found that, our model could find a good 

agreement with the experimental data of single-crystalline K0.73Fe1.68Se2 superconductors vicinity  

the critical temperature scenery and the ratio Hc3/Hc2 (where Hc2 is the upper critical field of single-

crystalline K0.73Fe1.68Se2) indicated powerful temperature dependence. 

 

Keywords: Ginzburg-Landau theory, Magnetic Superconductors, Surface critical magnetic field 

 (Hc3)

Introduction 

Superconductivity is a phenomenon that distinguished 

in certain materials where electrical resistance 

disappearance and the external magnetic fields are 

expelled from the material at low temperature 

(Ketterson and Song, 1998). Any material 

exhibiting these properties is a superconductor.  

The first superconductor was discovered in mercury 

in 1911 by Onnes (Buckel, 1991). Over a century 

since this discovery, superconductivity has become 

the underpinning technology for many of the 

world’s most important science experiments and 

applied technology in many fields (Bray, 2009).  

 

 

 
 

Superconducting magnets can produce greater 

magnetic fields, then it can applied to NMR 

(Nuclear Magnetic Resonance) and MRI (Magnetic 

Resonance Imaging). NMR spectrometers are used 

in biology, chemistry and pharmacy to study the 

structure, the interaction and the kinetics of complex 

molecules (Tampieri et al., 2020) and MRI helping 

to give doctors an unprecedented view of structures 

deep within the human body (Aarnink and Overweg, 

2012). The application of superconductors in 

addition to high-power electromagnetism also has  

a wide range of applications such as electronics and 
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sensors (Bray, 2009). The Josephson effect 

(Tinkham, 1996) refers to the interesting ac and  

dc properties of current transfer between two 

superconductors which have a weak connection 

between them. This phenomena enabled devices 

such as SQUIDs (Superconducting QUantum 

Interference Devices) for the most accurate 

measurement of weak magnetic fields (Swithenby, 

1980; Drung et al., 2007) and voltage (Klushin 

et al., 2002). Moreover, Superconductor was a core 

technology in accelerators (Georgescu, 2020) and 

thermonuclear fusion reactors (Zhai et al., 2020). 

Although superconductor is currently widely 

applied in various fields, the understanding of the 

mechanism of superconductivity is unclear. 

Understanding the fundamental properties of 

superconductors is one of the keys to understanding 

the mechanism of superconductivity. The critical 

magnetic field is one of the fundamental properties 

of superconductors. For Type II superconductors, at 

lower critical field (Hc1) the applied field cannot 

penetrate into the superconductor. During lower 

critical field (Hc1) and upper critical field (Hc2),  

the external field begins to moderately pass through 

the superconductor. The sample is in a mixed 

condition with non-uniform flux penetration (mixed 

state) (Tinkham, 1996) and the superconductivity 

disappear above Hc2. Type II superconductor can be 

applied in many technologies because the Hc2 can be 

quite high. Upon the applied field rather than Hc2, 

the superconducting state remains as thin layer on 

material’s surface. This superconducting film could 

be completely destroyed when the applied external 

field over surface critical field (Hc3). The study on 

HC3 of superconductor was expected to be the guide 

line for preparation of thin film superconductors and 

further to develop the efficiency of superconductors 

(Meakniti et al., 2014). 

The first Fe-based superconductor was found 

in the oxypnictide LaFeAs(O,F) at 26 K by Hosono 

group in 2008 (Kamihara et al., 2008). To substitutions 

of the La by different rare earth (RE) elements  

(Sm, Ce, Nd, Pr and Gd) the critical temperature  

of Fe-based superconductor increases up to 55 K  

with Sm (Zhi-An et al., 2008). Most of Fe-based 

superconductors are generally categorized into five 

systems by difference in chemical composition, and 

are called 11, 111, 122, 1111, and perovskite-type 

oxide systems (Shimoyama, 2014). To investigate 

the strain effect on the superconducting properties 

of thin films Fe-based show the critical temperature 

(Tc) can be tuned by strain (Lee et al., 2010; 

Kawaguchi et al., 2014) and higher Tc of 

superconducting film with respect to bulk materials 

(Bellingeri et al., 2010). After the discovery of 

superconductivity in iron pnictides, it was noticed 

that the Fe-based superconductor possess an 

extremely large upper critical field (Zhang et al., 

2011). As an example, the upper critical fields of  

the single crystalline NdFeAsO0.82F0.18 (Tc = 49 K) 

(Jia et al., 2008) and Ba0.55K0.45Fe2As2 (Tc = 30 K) 

(Ni et al., 2008) near Tc which were determined 

from the resistive measurements. Yin et al. (2009) 

presented an atomic resolution scanning tunneling 

spectroscopy study of superconducting BaFe1.8Co0.2As2 

single crystals in magnetic fields up to 9 T. 

BaFe1.8Co0.2As2 is predicted to have an upper 

critical field of 43 T from the measured coherence 

length of 2.8 nm. Yuan et al. (2009) reported 

measurements of the electrical resistivity in single 

crystals of (Ba,K)Fe2As2 in a magnetic field up to 

60 T. They found that the superconducting 

properties are in fact quite isotropic, being rather 

independent of the direction of the applied magnetic 

fields at low temperature. Fang et al. (2010) 

determined the resistive upper critical field of 

Fe1.11Te0.6Se0.4 single crystals for fields applied both 

ab-plane and c-axis direction. It is found that  

the anisotropy of the upper critical field decreases 

with decreasing temperature and becoming rather 

isotropic at low temperature. Tsindlekht et al. 

(2011) reported the results of an experimental study 

of magnetic properties of a K0.73Fe1.68Se2 single 

crystal when the external magnetic field is applied 

parallel to the ab-plane. The Hc3(T)/Hc2(T)  4.4  

at near Tc. Lin et al. (2014) fabricated Sr0.6K0.4Fe2As2 

(Sr-122) tapes by hot pressing (HP) process and 

obtain critical current density (Jc) as 1.2×105 A/cm2 

at 4.2 K and 10 T. The very high Hc2, low anisotropy 

and large critical current values, which are only 

weakly reduced by magnetic fields at low 

temperatures, suggested considerable potential in 

large scale applications and due to the fact that this 

value is very high exceeds the capability of the 

common high field measurement system, so a 

theoretical model is needed for helping the 

experimenter to predict this quantity (Changjan and 

Udomsamuthirun, 2011a). 

The Ginzburg-Landau (GL) theory is widely 

used to study the magnetic behavior of superconductor. 

However, the method of GL theory usually works 

only in the vicinity of the critical temperature 

(Ketterson and Song, 1998). Two-band GL theory 

were propose to studied the temperature dependence 

of lower (Askerzade et al., 2002b), upper (Askerzade 

et al., 2002a; Udomsamuthirun et al., 2006) and 

thermodynamic critical field (Askerzade and 

Gencer, 2002) for non-magnetic superconductors. 

de Gennes and Saint-James (1963) explained the 

relationship between the surface critical magnetic 

field to the upper critical magnetic field as by 

solving the linearized GL equation for single-band 

isotropic superconductors. Askerzade (2003) 

determined the temperature dependence of Hc3 for  
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a bulk MgB2 analytically by two-band GL theory.  

It was showed that Hc3 had the same temperature 

dependence with Hc2 and the temperature 

dependence for Hc3 gave positive curvature near Tc. 

Liu (2007) investigated the surface critical field 

(Hc3) of MgB2 in the clean limit by the two-band GL 

theory. The ratio Hc3(T)/Hc2(T) exhibits strong 

temperature dependence. The Gibbs free energy of 

magnetic superconductors has been analyzed  

for magnetic superconductors (Hampshire, 1998; 

2001). By included the spatial variation and the 

nonlinear magnetic response of the magnetic ions in-

field, GL equations of magnetic superconductors had 

been found. Changjan and Udomsamuthirun (2013) 

studied the critical temperature of the two-band 

magnetic superconductor by Ginzburg-Landau (GL) 

approach in the absent of external magnetic field. 

The critical temperature ratio decreased as  

the interband-to-band ratio increased. The upper and 

lower critical fields of an anisotropic magnetic 

superconductor were explored by GL theory in 

single band (Changjan and Udomsamuthirun, 2011a) 

and two-band case (Changjan and Udomsamuthirun, 

2011b). The surface critical magnetic field of 

magnetic superconductors was enquired by single-

band GL approach (Changjan et al., 2017) that 

included the Gibbs free energy of Hampshire 

(Hampshire, 1998; 2001). The temperature-dependent 

surface critical magnetic field was studied by four 

models; Chen’s model (Chen et al., 2011), Zhu’s 

model (Zhu et al., 2011), Shanenko’s model (Shanenko 

et al., 2011) and Changjan & Udomsamuthirun’s 

model (Changjan and Udomsamuthirun, 2013). 

In this research, we investigated the surface 

critical magnetic field of magnetic superconductors 

by two-band GL Theory and modified to the 

temperature dependence model of Changjan & 

Udomsamuthirun (Changjan and Udomsamuthirun, 

2013). Finally, the ratio of temperature-dependent 

surface critical magnetic field over upper critical 

field (Hc3(T)/Hc2(T)) was investigated and applied to 

experimental data of K0.73Fe1.68Se2 Superconductors 

(Tsindlekht et al., 2011). 

Materials and Methods 

According to the two-band Ginzburg and Landau 

theory, there are two order parameters in the 

Ginzburg-Landau functional. The free energy of 

magnetic superconductors is of the form (Hampshire, 

1998; 2001; Changjan and Udomsamuthirun, 2011b). 
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Here, Fi and F12 are the free energy of the 

separate bands and the interaction term between 

bands respectively. mi denotes the effective mass of 

carriers. ψi is the order parameter and |𝜓𝑖|2 is 

proportional to the density of carriers, the 

coefficient αi depends on the temperature, while 

coefficient βi is independent of temperature. c.c 

indicate the complex conjugate of previous term. 

The first term in Equation (2) accounts for the 

kinetic energy of the carriers and the lasted term  

in Equation (1) accounts for the energy stored  

in the local magnetic fields. 𝐻𝑠 =  
𝐵

𝜇0
− 𝑀𝑖𝑜𝑛𝑠, M = 

Msc + Mions and Mions = χHs, where μ0Msc is the field 

produced by the carriers and μ0Mions is the field 

produced by the ions. When the magnetic 

superconductors place in magnetic field, there are 

the field produced by ions (μ0Mions), the applied field 

(μ0) and the field produced by the carriers (μ0Msc) 

that can produce relationship between field as  

B = μ0H + μ0Msc + μ0Mions and Mions = χ𝐻𝑐2
 (T) + 

χ'(H - Msc - 𝐻𝑐2
) so that B = μ0(χ - χ')𝐻𝑐2

 + μ0(1 + χ') 

(H + Msc) where the differential susceptibility (χ') is 

(
𝜕𝑀𝑖𝑜𝑛𝑠

𝜕𝐻
)

𝑇,𝐻=𝐻𝑐2

and susceptibility (χ) is (
𝑀𝑖𝑜𝑛𝑠

𝐻
)

𝑇,𝐻=𝐻𝑐2

. 

The properties of magnetic superconductors were 

depended on the interaction between the ions, 

superelectrons, and applied magnetic field. The 

magnetic respond can be a ferromagnetic 

contribution from the superconductivity that the 

superelectrons produce a field adding to the applied 

magnetic field. For small change in B-field, a series 

in B is introduced (Hampshire, 1998; 2001). 
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Here 0, 1, and 2 are coefficient parameters 

and 1 = 1 for non-magnetic superconductors.  

The coefficient parameter 1 depends on the gradient 

of field and 1 = 0 for the uniform applied field. 

Rewrite the free energy of two-band magnetic 

superconductors from Equation(1) as 
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We investigate the temperature dependence on 

the surface critical magnetic field of two-band 

magnetic superconductor by variation Equation (5) 

with respect to 𝜓𝑖
∗  (i = 1,2) in order to an energy  

of the system is lowest by 
𝜕𝐹𝑠𝑐

𝜕𝜓𝑖
∗ = 0.  The 1st 

linearization GL equations including the magnetic 

ions  can be found as: 
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Let 𝜓1(𝑥) = 𝑒−
𝛿𝑥2

2 , 𝜓1(𝑥) = 𝐶𝜓2
(𝑥) , α1 = α2 

= α, m1 = m2 = m and set boundary conditions 

𝜓1(∞) = 0,
𝑑𝜓1(0)

𝑑𝑥
= 0 (Askerzade, 2003). Substitution 

in Equations (6) and (7) and combine two equation 

together, we get 
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Determine the external magnetic field is on the 

z-direction then the vector potential can be 

represented by 

 

𝐴 = (0, 𝐵°(𝑥 − 𝑥°), 0) = (0, [𝜇0(𝜒 − 𝜒′)𝐻𝑐2
+ 𝜇0(1 +

          𝜒′)(𝐻 + 𝑀𝑠𝑐)](𝑥 − 𝑥°), 0) and 
1


=

ħ

2𝑒
. So that  
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Determine surface critical magnetic field  

by setting 𝜓1 = 𝑒−
1

2
𝑏𝜉2

.  By variation method,  

𝛽 =
∫ [(

𝑑𝜓

𝑑𝜁
)

2
+(𝜁−𝜁∘)𝜓2]

∞
0 𝑑𝜁

∫ 𝜓2∞
0 𝑑𝜁

=
𝑏

2
+

1

2𝑏
−

2𝜁∘

√𝜋𝑏
+ 𝜁∘

2 and 

𝜕𝛽

𝜕𝜁
= 0  then 𝜁∘ =

1

(𝜋𝑏)
1
2

. The lowest eigen value 

express as 𝛽𝑚𝑖𝑛
′  can evaluate by 

𝜕𝛽

𝜕𝑏
= 0. Then, we 

get 𝛽𝑚𝑖𝑛
′ = 𝑏 =  (1 −

2

𝜋
)

1

2
. For applied magnetic field 

approach Hc3 and then Msc approach zero, we get 

𝐵∘ = 𝜇0(𝜒 − 𝜒′)𝐻𝑐2 + 𝜇0(1 + 𝜒′)𝐻𝑐3. The surface 

critical magnetic field can be express by substitution 

𝛽𝑚𝑖𝑛
′  and 𝐵∘  into 𝛽 =

𝜆

𝐵∘
⋅

(𝛼+𝜀)

4𝑒2(
1

2𝑚
−𝜀1)

, then the 

surface critical magnetic field of two-band magnetic 

superconductor as 
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Our calculation can be reduced to isotropic 

one-band magnetic superconductor by setting 

𝜀 = 𝜀1 = 0 and 𝛼 =
2𝑒2

𝑚
𝛼∘ (Changjan et al.,  

2017). To investigate the temperature-dependent 

surface critical magnetic field, we consider 

temperature dependent function from Changjan  

and Udomsamuthirun model (Changjan and 

Udomsamuthirun, 2013). The temperature-dependent 

surface critical magnetic field is given by 
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Where p and q are arbitrary constant. 

Results and Discussion 

Two-band GL equations for non magnetic 

superconductor were solved analytically to 

determine the temperature dependence of Hc3 on  

a bulk MgB2 (Askerzade, 2003). The relationship 

between Hc2 and Hc3 is the same as in single-band 

GL theory. Temperature dependence of Hc3 reveals 

positive curvature near Tc. The effect of 

diamagnetism, ferromagnetism, antiferromagnetism 

and paramagnetism on non temperature dependent 

Hc3 of magnetic superconductor had been 

investigated by Meakniti et al. (2014). For 

diamagnetism and ferromagnetism superconductors, 

the higher and the lower values of critical magnetic 

field than convention value were found. Changjan  

et al. (2017) used the 1st GL equation to calculated  
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HC3 of magnetic superconductor by variation  
method analytically and modified to the temperature 

dependence properties (Chen et al., 2011; Shanenko 

et al., 2011; Zhu et al., 2011; Changjan and 

Udomsamuthirun, 2013). The result of calculation 

could find a good agreement with the experimental 

data of Pb82Bi18 superconductors vicinity the critical 

temperature scenery. Tsindlekht et al. (2011) investigated 

the magnetic properties of a K0.73Fe1.68Se2 single 

crystal when the external magnetic field is applied 

parallel to the ab-plane. The slope of the Hc3(T) 

curve near Tc is ≈−40 kOe/K. It appears that near Tc, 

the Hc3(T)/Hc2(T) ratio is ≈4.4, which is much larger 

than calculation that predicted for conventional SC 

material (de Gennes and Saint-James, 1963). In this 

work, we were interested in the effect of magnetism 

and interaction between energy band to temperature 

dependent surface critical magnetic field. We 

considered temperature dependent function from 

Changjan and Udomsamuthirun model (Changjan 

and Udomsamuthirun, 2013). Our calculation 

(Equation 13) can be reduced to Saints-James and 

de Gennes formula (de Gennes and Saint-James 

1963) for temperature independent non-magnetic 

superconductor by setting 𝑝 = 𝑞 = 0, 𝜒 = 𝜒′ = 0, 

𝜀 = 𝜀1 = 0,  𝛼 =
2𝑒2

𝑚
𝛼∘(𝑇)  and 𝛼∘(𝑇) = 1  (Changjan 

et al., 2017). Figure 1 showed the comparison 

between our calculations with experimental data of 

K0.73Fe1.68Se2 single crystal (Tsindlekht et al., 

2011), solid diamond for Hc2 and solid square for 

Hc3. Dash line show the result of calculation  

for conventional superconductor (de Gennes and 

Saint-James, 1963). Solid line display the result  

of calculation from Equation (12), By setting 

𝑇𝑐 = 30.8𝐾, 𝜒 = −1, 𝜒′ = 0, 𝑝 = 1  and 𝑞 = 1,  we 

found that our calculation based on temperature 

dependent Changjan and Udomsamuthirun model 

(Changjan and Udomsamuthirun, 2013) corresponding 

to the experimental data of K0.73Fe1.68Se2 

superconductor at Tc scenery. The slope of the 

Hc3(T) curve near Tc from our calculation is ≈−45.57 

kOe/K. The ratio Hc3(T)/Hc2(T) ≈4.4 of 

K0.73Fe1.68Se2 superconductor exhibit the unusual 

magnetic behavior of this superconductor, which is 

completely different from conventional 

superconductor. According to study the optical 

properties of the iron-chalcogenide superconductor 

K0.8Fe2-ySe2 by Homes et al. (2012), this material 

have energy gaps about 28.7 meV at below Tc. 

This information confirms the presence of more 

than one energy band of this superconductor. As a 

result, the two-band model that we used in the 

calculations was more consistent with the 

experimental data than the single band model 

calculations. 

Conclusions 

In summary, the surface critical magnetic field 

(Hc3(T)) of magnetic superconductor was derived by 

temperature dependent two-band Ginzburg-Landau 

(GL) theory. Free energy of two-band magnetic 

superconductor (Hampshire, 1998; Askerzade, 

2003; Changjan and Udomsamuthirun, 2011b) was 

minimizing to the 1st GL equation and calculated to 

Hc3(T) by variation method. Our calculation could 

be reduced to temperature independent single band 

non-magnetic superconductor (de Gennes and 

Saint-James, 1963) by setting 𝑝 = 𝑞 = 0, χ = χ′ = 0, 

 𝜀 = 𝜀1 = 0, 𝛼 =
2𝑒2

𝑚
𝛼∘(𝑇) and 𝛼∘(𝑇) = 1 (Meakniti  

et al., 2014). Our calculation based on temperature 

dependent of Changjan and Udomsamuthirun model 

(Changjan and Udomsamuthirun, 2013) has the 

slope of Hc3(T) curve near Tc about -45.57 kOe/K 

and could be fit well with the experimental data  

of K0.73Fe1.68Se2 superconductor at near Tc. 

Consequently, the two-band model that we used  

in this calculation was more correspondence with  

the experimental data than the single band model 

calculations that use for conventional 

superconductor. 
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Figure 1. H-T phase diagram (Hc2(T ) and Hc3(T )) of 
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 et al., 2011) comparison with conventional 
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 Saint-James, 1963) and our calculation (solid 
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