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Abstract 

In recent year, the study of bigeneralized space, which is provided with two arbitrary 

generalized topologies, have received increasing attention in general topology. Several 

mathematician have studied this concept in many direction. In this paper we introduced 

the concept of separated, disconnected and compact sets in bigeneralized topological 

spaces. 
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Introduction  

In recent year, the study of generalized 

topological space, which was introduced by 

Császár (2002) have received increasing 

attention in General Topology.  Specifically, 

the generalized topology is a subset 𝑔𝑋 of the 

power set of 𝑋 such that ∅ ∈ 𝑔𝑋 and arbitrary 

union of elements of 𝑔𝑋 belongs to 𝑔𝑋 .  
It’ s clear that each topology is a generalized 

topology, but not conversely. Several 

mathematician have studied this concept in  

 

 

 
 

many direction.  Boonpok ( 2010)  introduced 

the notation of bigeneralized topological 

spaces which are provided with two arbitrary 

generalized topologies.  He not only studied 

some of the fundamental properties of close 

and open set in such space but also introduced 

the concept of weakly open functions on this 

space.  In this paper, the concept of separated, 

disconnected and compact sets in 

bigeneralized topological spaces is presented. 
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The paper is organized in the following 

manner.  In section 2, we set up notation and 

review some of the standard fact on 

generalized and bigeneralized topological 

spaces.  Section 3 is devoted to the study of 

separated and disconnected in bigeneralized 

topological spaces. Next, we present the results 

of compact in such space which include some 

useful observations.  

Preliminaries 

In this section we will list some concepts and 

some previous results which are needed for 

this paper. 

Let 𝑋  be a nonempty set and 𝑔𝑋  be  

a collection of subsets of 𝑋.  Then 𝑔𝑋 is called 

a generalized topology ( briefly GT)  on 𝑋  if 

∅ ∈ 𝑔𝑋 and if 𝐺𝑖 ∈ 𝑔𝑋 for  𝑖 ∈ 𝐼 ≠ ∅ then 𝐺 =
⋃ 𝐺𝑖 ∈ 𝑔𝑋.𝑖∈𝐼  

By (𝑋, 𝑔𝑋) denote a nonempty set 𝑋 with 

a generalized topology 𝑔𝑋 on 𝑋 and it is called 

a generalized topological space ( briefly GTS) 

on 𝑋. The elements of 𝑔𝑋 are called 𝑔𝑋–open 

sets and the complements are called 𝑔𝑋–closed 

sets. Set 𝑔𝑋𝑂(𝑋) = {𝑈 ⊆ 𝑋| 𝑈 ∈ 𝑔𝑋}  and 

𝑔𝑋𝑂(𝑥) = {𝑈 ∈ 𝑔𝑋| 𝑥 ∈ 𝑈}. If 𝐴 ⊆ 𝑋 then 

the union of all 𝑔𝑋–open sets contained in 𝐴 is 

denoted by 𝑔𝑋𝐼𝑛𝑡(𝐴),  the interior of 𝐴. 
Similarly, the intersection of all 𝑔𝑋–closed sets 

containing 𝐴  is denoted 𝑔𝑋𝐶𝑙(𝐴), the closure 

of 𝐴 ( 𝐶𝑠𝑎́𝑠𝑧𝑎́𝑟, 2 0 0 5 ). In a space (𝑋, 𝑔𝑋), if 

𝑔𝑋 is closed under the finite intersection, then 

(𝑋, 𝑔𝑋) is called a quasi- topological space 

(Boonpok, 2010). 

 

Theorem (Min, 2009a ) Let (𝑋, 𝑔𝑋) be a GTS. 

Then 

1. 𝑔𝑋𝐶𝑙(𝐴) = 𝑋\𝑔𝑋𝐼𝑛𝑡(𝑋\𝐴); 

2. 𝑔𝑋𝐼𝑛𝑡(𝐴) = 𝑋\𝑔𝑋𝐶𝑙(𝑋\𝐴). 

 

Proposition (Min, 2009b)  Let (𝑋, 𝑔𝑋) be a 

GTS and 𝐴 ⊆ 𝑋. Then  

1.  𝑥 ∈ 𝑔𝑋𝐼𝑛𝑡(𝐴) if and only if there 

exists 𝑉 ∈ 𝑔𝑋𝑂(𝑥) such that 𝑉 ⊆ 𝐴. 
2.  𝑥 ∈ 𝑔𝑋𝐶𝑙(𝐴) if and only if 𝑉 ∩ 𝐴 ≠

∅ for every 𝑉 ∈ 𝑔𝑋𝑂(𝑥). 

Proposition (Dungthaisong et al. , 2011)  Let 

(𝑋, 𝑔𝑋) be a GTS. For any subsets 𝐴 and 𝐵 of 

𝑋, the following properties hold; 

1. 𝑔𝑋𝐶𝑙(𝑋\𝐴) = 𝑋\𝑔𝑋𝐼𝑛𝑡(𝐴) and 

𝑔𝑋𝐼𝑛𝑡(𝑋\𝐴) = 𝑋\𝑔𝑋𝐶𝑙(𝐴); 
2.  If 𝑋\𝐴 ∈ 𝑔𝑋  then 𝑔𝑋𝐶𝑙(𝐴) = 𝐴 and 

if 𝐴 ∈ 𝑔𝑋 then 𝑔𝑋𝐼𝑛𝑡(𝐴) = 𝐴; 
3. If  𝐴 ⊆ 𝐵 , then 𝑔𝑋𝐶𝑙(𝐴) ⊆

𝑔𝑋𝐶𝑙(𝐵)  and  𝑔𝑋𝐼𝑛𝑡(𝐴) ⊆ 𝑔𝑋𝐼𝑛𝑡(𝐵); 
4. 𝐴 ⊆ 𝑔𝑋𝐶𝑙(𝐴) and 𝑔𝑋𝐼𝑛𝑡(𝐴) ⊆ 𝐴; 

5. 𝑔𝑋𝐶𝑙(𝑔𝑋𝐶𝑙(𝐴)) = 𝑔𝑋𝐶𝑙(𝐴) and 

𝑔𝑋𝐼𝑛𝑡(𝑔𝑋𝐼𝑛𝑡(𝐴)) = 𝑔𝑋𝐼𝑛𝑡(𝐴).  

 

Lemma (Jamunarani and Jeyanthi, 2012)  Let 

(𝑋, 𝑔𝑋) be a GTS.  If (𝑋, 𝑔𝑋) is a quasi-

topological spaces, then the following 

properties hold; 

1.  If  𝐴 and 𝐵  are 𝑔𝑋– open sets, then 

𝐴 ∩ 𝐵 is 𝑔𝑋–open set. 

2. 𝑔𝑋𝐼𝑛𝑡(𝐴 ∩ 𝐵) = 𝑔𝑋𝐼𝑛𝑡(𝐴) ∩
𝑔𝑋𝐼𝑛𝑡(𝐵)  for every subset 𝐴 and 𝐵 of 𝑋. 

3.  𝑔𝑋𝐶𝑙(𝐴 ∪ 𝐵) = 𝑔𝑋𝐶𝑙(𝐴) ∪ 𝑔𝑋𝐶𝑙(𝐵)  

for every subset 𝐴 and 𝐵 of 𝑋. 
 

Next, we recall some notions and 

notations of bigeneralized topological spaces. 

 

Definition (Boonpok, 2010)  Let 𝑋  be a 

nonempty set and 𝑔𝑋
1 , 𝑔𝑋

2  be generalized 

topologies on 𝑋. A triple (𝑋, 𝑔𝑋
1 , 𝑔𝑋

2) is called 

a bigeneralized topological space (briefly 

BGTS). 

Let (𝑋, 𝑔𝑋
1 , 𝑔𝑋

2)  be a BGTS and 𝐴 a 

subset of 𝑋. The closure and the interior of 𝐴 

with respect to 𝑔𝑋
𝑖  are denoted by 𝑔𝑋

𝑖 𝐶𝑙(𝐴) 

and 𝑔𝑋
𝑖 𝐼𝑛𝑡(𝐴), respectively, for 𝑖 = 1, 2.  
 

Definition (Boonpok, 2010)  A subset 𝐴 of a 

BGTS  (𝑋, 𝑔𝑋
1 , 𝑔𝑋

2) is called 𝑔𝑋
𝑖 𝑔𝑋

𝑗
– closed if 

𝐴 = 𝑔𝑋
𝑖 𝐶𝑙(𝑔𝑋

𝑗
𝐶𝑙(𝐴)) where 𝑖, 𝑗 = 1  or 2  and 

𝑖 ≠ 𝑗. The complement of 𝑔𝑋
𝑖 𝑔𝑋

𝑗
–closed set is 

called 𝑔𝑋
𝑖 𝑔𝑋

𝑗
–open. 

 

Proposition (Boonpok, 2010) Let (𝑋, 𝑔𝑋
1 , 𝑔𝑋

2) 

be a BGTS and 𝐴, 𝐵 ⊆ 𝑋. Then 

1. 𝐴 is  𝑔𝑋
𝑖 𝑔𝑋

𝑗
–closed if and only if 𝐴 is 

both 𝑔𝑋–closed in (𝑋, 𝑔𝑋
𝑖 ) and (𝑋, 𝑔𝑋

𝑗
). 
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2. If 𝐴  and 𝐵  are 𝑔𝑋
𝑖 𝑔𝑋

𝑗
– closed, then 

𝐴 ∩ 𝐵  is 𝑔𝑋
𝑖 𝑔𝑋

𝑗
–closed. 

3. 𝐴  is 𝑔𝑋
𝑖 𝑔𝑋

𝑗
– open subset of 

(𝑋, 𝑔𝑋
1 , 𝑔𝑋

2)  if and only if  𝐴 =

𝑔𝑋
𝑖 𝐼𝑛𝑡(𝑔𝑋

𝑗
𝐼𝑛𝑡(𝐴 ).  

4. If 𝐴 and 𝐵 are 𝑔𝑋
𝑖 𝑔𝑋

𝑗
–open, then 𝐴 ∪

𝐵  is 𝑔𝑋
𝑖 𝑔𝑋

𝑗
–open. 

 

Definition (Sompong and Rodjanadid, 2016) 

Let (𝑋, 𝑔𝑋
1 , 𝑔𝑋

2) be a BGTS and 𝑌 be a subset 

of 𝑋. Define 𝑔𝑌
1  and 𝑔𝑌

2 as follows:  𝑔𝑌
1 =

{𝐴 ∩ 𝑌: 𝐴 ∈ 𝑔𝑋
1 }  and 𝑔𝑌

2 = {𝐵 ∩ 𝑌: 𝐵 ∈ 𝑔𝑋
2}. 

A triple (𝑌, 𝑔𝑌
1 , 𝑔𝑌

2)  is called a bigeneralized 

topological subspace of (𝑋, 𝑔𝑋
1 , 𝑔𝑋

2). 
Let (𝑌, 𝑔𝑌

1 , 𝑔𝑌
2)  be a bigeneralized 

topological subspace of (𝑋, 𝑔𝑋
1 , 𝑔𝑋

2), and 𝐴 ⊆
𝑌. The 𝑔𝑌–closure and  𝑔𝑌–interior of 𝐴 with 

respect to 𝑔𝑌
𝑖  are denoted by 𝑔𝑌

𝑖 𝐶𝑙(𝐴)  and 

𝑔𝑌
𝑖 𝐼𝑛𝑡(𝐴),  respectively for 𝑖 = 1, 2.  Then 

𝑔𝑌
1𝐶𝑙(𝐴) = 𝑌 ∩ 𝑔𝑋

1 𝐶𝑙(𝐴) and 𝑔𝑌
2𝐶𝑙(𝐴) = 𝑌 ∩

𝑔𝑋
2𝐶𝑙(𝐴). 

 

Proposition (Sompong and Rodjanadid, 2016) 

Let (𝑌, 𝑔𝑌
1 , 𝑔𝑌

2) be a bigeneralized topological 

subspace of (𝑋, 𝑔𝑋
1 , 𝑔𝑋

2) and 𝐹 a subset of 𝑌. If 
𝐹 is 𝑔𝑋

1 𝑔𝑋
2–closed, then 𝐹 is 𝑔𝑌

1𝑔𝑌
2–closed. 

Results 

Some Results of 𝒈𝑿– Separated and 𝒈𝑿–

Connected Set  

In this section, we will restrict our 

attention to the study of 𝑔𝑋– separated and  

𝑔𝑋–connected set, respectively.  We then start 

with the following notation. 

 

Definition Let (𝑋, 𝑔𝑋
1 , 𝑔𝑋

2) be a BGTS and let 

𝐴  and 𝐵  be two non– empty subsets of 𝑋. 𝐴 

and 𝐵 are called 𝑔𝑋–separated sets if and only 

if 𝑔𝑋
𝑖 𝐶𝑙(𝐴) ∩ 𝐵 = ∅ and  𝐴 ∩ 𝑔𝑋

𝑖 𝐶𝑙(𝐵) = ∅, 
for all 𝑖 = 1,2. 

 

Example 

1. Let 𝑋 = {1, 2, 3}.  Define 𝑔–
structures 𝑔𝑋

1  and 𝑔𝑋
2  on 𝑋 as follows: 

𝑔𝑋
1 = {∅, {1}, {1,2}, {2,3}, 𝑋}  and 𝑔𝑋

2 =
{∅, {1}, {3}, {1,2}, {1,3}, 𝑋}. Then we have {1} 

and {3}  are 𝑔𝑋– separated set.  But {1}  and 
{2,3} are not 𝑔𝑋–separated set. 

2. Let 𝑋 = [−10, 10],  define 𝑔𝑋
1  and 

𝑔𝑋
2  as follows: 

𝑔𝑋
1 = { [−10, 7), (𝑏, 10), [−10, 7) ∪

(𝑏, 10)| 𝑏 ∈ 𝑋, 𝑏 ≥ 7}  and 𝑔𝑋
2 =

{ (−10, 𝑎), (7, 10], (−10, 𝑎) ∪ (7, 10]| 𝑎 ∈
𝑋, 𝑎 ≤ 7}. 
 

Then we have {−10} and {10} are 𝑔𝑋–

separated set, but {−10, 8} and {10, 6} are not 

𝑔𝑋–separated set. 

 

3. Let 𝑋 = [−1, 1],  define 𝑔𝑋
1 =

{∅ , [−1, 0], (0, 1], [0, 1], 𝑋} and 𝑔𝑋
2 =

{∅, [−1, 0), [−1, 0], [0, 1], 𝑋}. Then [−1, 0) 

and (0, 1] are 𝑔𝑋–separated set. 

 

Lemma Let (𝑋, 𝑔𝑋)  be a GTS and 𝐴, 𝐺 ⊆ 𝑋.  
If 𝐺  is 𝑔𝑋–open, then 𝐺 ∩ 𝐴 = ∅ if and only 

if 𝐺 ∩ 𝑔𝑋𝐶𝑙(𝐴) = ∅. 
 

Proof.  Let 𝐺  be 𝑔𝑋– open and 𝐺 ∩ 𝐴 = ∅. 
Assume that 𝐺 ∩ 𝑔𝑋𝐶𝑙(𝐴) ≠ ∅. Thus there 

exists 𝑥 ∈ 𝐺  and 𝑥 ∈ 𝑔𝑋𝐶𝑙(𝐴). By 

Proposition 2.2, we have 𝑈 ∩ 𝐴 ≠ ∅ for every 

𝑈 ∈ 𝑔𝑋 containing 𝑥. Since 𝐺  is 𝑔𝑋–open and 

𝑥 ∈ 𝐺, 𝐺 ∩ 𝐴 ≠ ∅ which contradicts our 

assumption. Thus, 𝐺 ∩ 𝑔𝑋𝐶𝑙(𝐴) = ∅. 
Conversely, it is clearly seen that 𝐺 ∩

𝐴 = ∅. 
 

Theorem Let (𝑋, 𝑔𝑋
1 , 𝑔𝑋

2) be a BGTS, 𝐴 and 𝐵 

are 𝑔𝑋
𝑖 – open subsets of 𝑋,  for all 𝑖 =

1, 2. Then 𝐴  and 𝐵  are 𝑔𝑋– separated sets if 

and only if 𝐴 ∩ 𝐵 = ∅. 
 

Proof.  It follows from Definition 3. 1 and 

Lemma 3.3. 

 

Theorem Let (𝑌, 𝑔𝑌
1 , 𝑔𝑌

2)  be a bigeneralized 

topological subspace of (𝑋, 𝑔𝑋
1 , 𝑔𝑋

2)  and 

𝐴, 𝐵 ⊆ 𝑌. Then 𝐴 and 𝐵 are 𝑔𝑋–separated sets 

if and only if 𝐴 and 𝐵 are 𝑔𝑌–separated sets. 

 

Proof.  Suppose that 𝐴, 𝐵 ⊆ 𝑌, 𝐴  and 𝐵  are 

𝑔𝑌– separated sets.  Thus 𝑔𝑌
𝑖 𝐶𝑙(𝐴) ∩ 𝐵 = ∅ 

and 𝐴 ∩ 𝑔𝑌
𝑖 𝐶𝑙(𝐵) = ∅. It follows that 

𝑔𝑋
𝑖 𝐶𝑙(𝐴) ∩ 𝐵 = 𝑔𝑋

𝑖 𝐶𝑙(𝐴) ∩ 𝑌 ∩ 𝐵 =
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𝑔𝑌
𝑖 𝐶𝑙(𝐴) ∩ 𝐵 = ∅  and 𝐴 ∩ 𝑔𝑋

𝑖 𝐶𝑙(𝐵) = 𝐴 ∩
𝑔𝑋

𝑖 𝐶𝑙(𝐵) ∩ 𝑌 = 𝐴 ∩ 𝑔𝑌
𝑖 𝐶𝑙(𝐵) = ∅, for all 𝑖 =

1, 2. Therefore  𝐴  and 𝐵  are 𝑔𝑋– separated 

sets. 

Conversely, suppose that 𝐴  and 𝐵  are 

𝑔𝑋– separated sets.  Thus 𝑔𝑌
𝑖 𝐶𝑙(𝐴) ∩ 𝐵 =

𝑔𝑋
𝑖 𝐶𝑙(𝐴) ∩ 𝑌 ∩ 𝐵 = 𝑔𝑋

𝑖 𝐶𝑙(𝐴) ∩ 𝐵 = ∅  and 

𝐴 ∩ 𝑔𝑌
𝑖 𝐶𝑙(𝐵) = 𝐴 ∩ 𝑔𝑋

𝑖 𝐶𝑙(𝐵) ∩ 𝑌 = 𝐴 ∩
𝑔𝑋

𝑖 𝐶𝑙(𝐵) = ∅, for all 𝑖 = 1,2. Hence 𝐴 and 𝐵 

are 𝑔𝑌–separated sets. 

 

Theorem Let (𝑋, 𝑔𝑋
1 , 𝑔𝑋

2)  be a BGTS, ∅ ≠
𝐴, 𝐵 ⊆ 𝑋 and 𝐴 ∩ 𝐵 = ∅.  Then 𝐴  and 𝐵  are 

𝑔𝑋– separated sets if and only if 𝐴 and 𝐵 are 

𝑔𝐴∪𝐵
𝑖 –open and 𝑔𝐴∪𝐵

𝑖 –closed in subspace 𝐴 ∪
𝐵 of 𝑋, for all 𝑖 = 1, 2. 
 

Proof.  Let ∅ ≠ 𝐴, 𝐵 ⊆ 𝑋 and 𝐴 ∩ 𝐵 = ∅. 
Assume that 𝐴  and 𝐵  are 𝑔𝑋– separated sets. 

Thus 𝑔𝑋
𝑖 𝐶𝑙(𝐴) ∩ 𝐵 = ∅ and 𝐴 ∩ 𝑔𝑋

𝑖 𝐶𝑙(𝐵) =
∅, for all 𝑖 = 1, 2. For any  𝑖 ∈ {1, 2}, we also 

have 𝑔𝑌
𝑖 𝐶𝑙(𝐴) = 𝑔𝑋

𝑖 𝐶𝑙(𝐴) ∩ 𝑌 =  𝐴 ∪

(𝑔𝑋
𝑖 𝐶𝑙(𝐴) ∩ 𝐵)  =  𝐴 , where 𝑌 = 𝐴 ∪ 𝐵. 

Thus 𝐴 is 𝑔𝑌
𝑖 –closed.  Similarly, we also have 

𝐵  is 𝑔𝑌
𝑖 – closed.  Since 𝐴 ∩ 𝐵 = ∅, 𝐴 = 𝑌\𝐵 

and 𝐵 = 𝑌\𝐴. Hence 𝐴 and  𝐵 are 𝑔𝑌
𝑖 –open. 

Conversely, we assume that 𝐴 and 𝐵 are 

𝑔𝑌
𝑖 – open and 𝑔𝑌

𝑖 – closed, where 𝑌 = 𝐴 ∪ 𝐵. 
From Lemma 3.3, we have 𝑔𝑌

𝑖 𝐶𝑙(𝐴) ∩ 𝐵 = ∅ 

and 𝐴 ∩ 𝑔𝑌
𝑖 𝐶𝑙(𝐵) = ∅, for all 𝑖 = 1, 2. It 

follows that  𝑔𝑋
𝑖 𝐶𝑙(𝐴) ∩ 𝐵 = 𝑔𝑌

𝑖 𝐶𝑙(𝐴) ∩ 𝐵 =
∅. Similarly, we obtain that 𝐴 ∩ 𝑔𝑋

𝑖 𝐶𝑙(𝐵) = ∅. 
Therefore 𝐴 and 𝐵 are 𝑔𝑋–separated sets. 

 

Definition Let (𝑋, 𝑔𝑋
1 , 𝑔𝑋

2)  be a BGTS and 

𝐴 ⊆ 𝑋. We called 𝐴 is a 𝑔𝑋–disconnected set 

if and only if  𝐴 = 𝐶 ∪ 𝐷, where 𝐶 and 𝐷 are 

𝑔𝑋– separated sets and we called 𝐴 is a 𝑔𝑋–

connected set if and only if 𝐴  is not 𝑔𝑋–

disconnected set. 

A BGTS  (𝑋, 𝑔𝑋
1 , 𝑔𝑋

2)  is called a 𝑔𝑋–

disconnected space if  𝑋 is a 𝑔𝑋–disconnected 

set and (𝑋, 𝑔𝑋
1 , 𝑔𝑋

2) is called a 𝑔𝑋– connected 

space if  𝑋 is a 𝑔𝑋–connected set. 

 

Example 

1. Let 𝑋 = {1, 2, 3}.  Define 𝑔–
structures 𝑔𝑋

1  and 𝑔𝑋
2  on 𝑋 as follows: 

𝑔𝑋
1 = {∅, {1}, {1,2}, {2,3}, 𝑋}   and 𝑔𝑋

2 =
{∅, {1}, {3}, {1,2}, {1,3}, 𝑋}. Then we have 
{1, 3} is a 𝑔𝑋– disconnected set, because  
{1} and {3} are 𝑔𝑋-separated set. 

2. Let 𝑋 = [−10, 10],   define 𝑔𝑋
1   

and 𝑔𝑋
2  as follows: 

𝑔𝑋
1 = { [−10, 7), (𝑏, 10), [−10, 7) ∪

(𝑏, 10)| 𝑏 ∈ 𝑋, 𝑏 ≥ 7} and  

𝑔𝑋
2 = { (−10, 𝑎), (7, 10], (−10, 𝑎)

∪ (7, 10]| 𝑎 ∈ 𝑋, 𝑎 ≤ 7}. 

 
Then we have {−10, 10} is 𝑔𝑋–

disconnected set.  

3. Let 𝑋 = [−1, 1],   define 𝑔𝑋
1 =

{∅ , [−1, 0], (0, 1], [0, 1], 𝑋} and  

𝑔𝑋
2 = {∅ , [−1, 0), [−1, 0], [0, 1], 𝑋}.  

Then  [−1, 0) ∪ (0, 1]  is a 𝑔𝑋–

disconnected set.  

 

Theorem Let (𝑋, 𝑔𝑋
1 , 𝑔𝑋

2) be a BGTS.  Thus 𝑋 

is 𝑔𝑋– disconnected set if and only if there 

exists a non–empty proper subset 𝐴 of 𝑋 such 

that 𝐴 is 𝑔𝑋
𝑖 – open and 𝑔𝑋

𝑖 – closed set, for all 

𝑖 = 1, 2.  
 

Proof.  First, we assume that 𝑋  is 𝑔𝑋–

disconnected set. Thus there exist a non–empty 

sets 𝐶  and 𝐷  such that 𝑋 = 𝐶 ∪ 𝐷,  where 𝐶 

and 𝐷 are 𝑔𝑋–separated sets. Since 𝑔𝑋
𝑖 𝐶𝑙(𝐶) ∩

𝐷 = ∅ , we have that 𝐶 ∩ 𝐷 = ∅.  It follows 

that 𝐶 = 𝑋\𝐷  and 𝐷 = 𝑋\𝐶.  From 𝑋 = 𝐶 ∪
𝐷 ⊆ 𝐶 ∪ 𝑔𝑋

𝑖 𝐶𝑙(𝐷),  it follows that  𝐶 ∪ 𝐷 =
𝐶 ∪ 𝑔𝑋

𝑖 𝐶𝑙(𝐷). Since 𝐶 ∩ 𝑔𝑋
𝑖 𝐶𝑙(𝐷) = ∅  and 

𝐷 ⊆ 𝑔𝑋
𝑖 𝐶𝑙(𝐷), we have 𝐷 = 𝑔𝑋

𝑖 𝐶𝑙(𝐷).  Thus 

𝐷 is 𝑔𝑋
𝑖 –closed set and we also have 𝐶 is 𝑔𝑋

𝑖 –

open set.  Similarly, we have 𝐶  is 𝑔𝑋
𝑖 – closed 

set and 𝐷 is 𝑔𝑋
𝑖 –open set, for all 𝑖 = 1, 2. 

Conversely, suppose that there exists a 

non–empty proper subset 𝐴 of 𝑋 such that 𝐴 is 

𝑔𝑋
𝑖 – open set and 𝑔𝑋

𝑖 – closed set, for all 𝑖 =
1, 2.  Let 𝐵 = 𝑋\𝐴. Thus 𝐵  is a non– empty 

proper 𝑔𝑋
𝑖 – closed and 𝑔𝑋

𝑖 – open subset of 𝑋, 
for all 𝑖 = 1, 2. Therefore 𝑋 = 𝐴 ∪ 𝐵 and 𝐴 ∩
𝐵 = ∅.  Since 𝐴  and 𝐵  are 𝑔𝑋

𝑖 – open set and 

Lemma 3. 3, 𝐴 ∩ 𝑔𝑋
𝑖 𝐶𝑙(𝐵) = ∅  and 

𝑔𝑋
𝑖 𝐶𝑙(𝐴) ∩ 𝐵 = ∅, for all 𝑖 = 1, 2. Hence 𝑋 is 

𝑔𝑋–disconnected set. 
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Theorem Let (𝑋, 𝑔𝑋
1 , 𝑔𝑋

2) be a BGTS.  Thus 𝑋 

is 𝑔𝑋– disconnected set if and only if there 

exists a non–empty proper 𝑔𝑋
𝑖 –open subset 𝑈 

and 𝑉 of 𝑋 such that 𝑋 = 𝑈 ∪ 𝑉 and 𝑈 ∩ 𝑉 =
∅, for all 𝑖 = 1, 2. 
 

Proof.  Assume that 𝑋 is 𝑔𝑋–disconnected set. 

According to Theorem 3.9, there exists a non–

empty proper subset 𝐴 of 𝑋 such that 𝐴 is 𝑔𝑋
𝑖 –

open set and 𝑔𝑋
𝑖 – closed set, for all 𝑖 = 1, 2.  

Then 𝑋\𝐴 is a non– empty proper 𝑔𝑋
𝑖 – closed 

and 𝑔𝑋
𝑖 – open subset of 𝑋, which is obtained 

our results. 

Conversely, suppose that there exist a 

non– empty 𝑔𝑋
𝑖 – open subset 𝑈  and 𝑉  of 𝑋 

such that 𝑋 = 𝑈 ∪ 𝑉  and 𝑈 ∩ 𝑉 = ∅, for all 

𝑖 = 1, 2. Since  𝑈 and  𝑉 are 𝑔𝑋
𝑖 –open sets and 

𝑈 ∩ 𝑉 = ∅,  by Lemma 3. 3, thus we have 

 𝑈 ∩ 𝑔𝑋
𝑖 𝐶𝑙(𝑉) = ∅  and 𝑔𝑋

𝑖 𝐶𝑙(𝑈) ∩ 𝑉 = ∅,  
for all 𝑖 = 1, 2. Therefore 𝑋  is a 𝑔𝑋–

disconnected set. 
 

Theorem Let (𝑋, 𝑔𝑋
1 , 𝑔𝑋

2) be a BGTS and 𝐸 is 

a 𝑔𝑋–connected subset of 𝑋.  If 𝐸 ⊆ 𝐴 ∪ 𝐵, 𝐴 

and 𝐵 are 𝑔𝑋–separated sets.  Then either 𝐸 ⊆
𝐴 or 𝐸 ⊆ 𝐵. 
 

Proof.  According to our assumption, we have 

that 𝐸 = (𝐸 ∩ 𝐴) ∪ (𝐸 ∩ 𝐵). Suppose that 

𝐸 ∩ 𝐴 ≠ ∅   and 𝐸 ∩ 𝐵 ≠ ∅.  Since 𝐴  and 𝐵 

are 𝑔𝑋– separated sets, (𝐸 ∩ 𝐴) ∩ 𝑔𝑋
𝑖 𝐶𝑙(𝐸 ∩

𝐵)  ⊆  (𝐸 ∩ 𝐴) ∩ 𝑔𝑋
𝑖 𝐶𝑙(𝐵)  =  ∅. Similarly, 

we also have 𝑔𝑋
𝑖 𝐶𝑙(𝐸 ∩ 𝐴) ∩ (𝐸 ∩ 𝐵) = ∅, 

for all 𝑖 = 1, 2. Then 𝐸 ∩ 𝐴  and 𝐸 ∩ 𝐵  are 

𝑔𝑋– separated sets.  Therefore 𝐸  is a 𝑔𝑋–

disconnected set which is a contradiction. Thus 

𝐸 ∩ 𝐴 = ∅ or 𝐸 ∩ 𝐵 = ∅.  It follows that 𝐸 =
𝐸 ∩ 𝐵 or 𝐸 = 𝐸 ∩ 𝐴.  Hence either 𝐸 ⊆ 𝐴 o  

𝐸 ⊆ 𝐵. 
 

Theorem Let (𝑋, 𝑔𝑋
1 , 𝑔𝑋

2) be a BGTS and 𝐸 is 

a 𝑔𝑋– connected subset of 𝑋.  If 𝐸 ⊆ 𝐴 ⊆
𝑔𝑋

𝑖 𝐶𝑙(𝐸), for all 𝑖 = 1, 2,  then 𝐴  is a 𝑔𝑋–

connected set. 
 

Proof.  Suppose that 𝐴 is a 𝑔𝑋– disconnected 

set. Thus there exist two non–empty sets 𝐶 and 

𝐷  such that 𝐴 = 𝐶 ∪ 𝐷, 𝐶  and 𝐷  are 𝑔𝑋–

separated sets.  Since 𝐸 is a 𝑔𝑋–connected set, 

𝐸 ⊆ 𝐶 ∪ 𝐷, and Theorem 3.11,we have either 

𝐸 ⊆ 𝐶  or 𝐸 ⊆ 𝐷. If 𝐸 ⊆ 𝐶, then 𝐷 =  𝐴 ∩
𝐷 ⊆  𝑔𝑋

𝑖 𝐶𝑙(𝐸) ∩ 𝐷 ⊆  𝑔𝑋
𝑖 𝐶𝑙(𝐶) ∩ 𝐷 =  ∅. 

Contradiction with 𝐷 ≠ ∅. Similarly, if 𝐸 ⊆
𝐷, then 𝐶 = ∅. Therefore 𝐴 is a 𝑔𝑋–connected 

set. 

 
Theorem Let (𝑋, 𝑔𝑋

1 , 𝑔𝑋
2) be a BGTS and 𝐸 ⊆

𝑋. If for any 𝑥, 𝑦 ∈ 𝐸 and 𝑥 ≠ 𝑦, there exists 

𝑔𝑋– connected set 𝐹 ⊆ 𝐸 such that 𝑥, 𝑦 ∈ 𝐹. 
Then 𝐸 is a 𝑔𝑋–connected set. 

 

Proof. Suppose that 𝐸 is 𝑔𝑋–disconnected set. 

Thus there exist non–empty 𝑔𝑋–separated sets 

𝐴 and 𝐵  such that 𝐸 = 𝐴 ∪ 𝐵.  Then we also 

have 𝐴 ∩ 𝐵 = ∅ and it follows that there exist 

𝑥 ∈ 𝐴, 𝑦 ∈ 𝐵  and 𝑥 ≠ 𝑦.  Thus 𝑥, 𝑦 ∈ 𝐸 and 

by assumption there exists a 𝑔𝑋–connected set 

𝐹 ⊆ 𝐸 such that 𝑥, 𝑦 ∈ 𝐹. From Theorem 3.11 

and since 𝐹 ⊆ 𝐸 = 𝐴 ∪ 𝐵, we have either 𝐹 ⊆
𝐴 or 𝐹 ⊆ 𝐵. Then 𝐴 ∩ 𝐵 ≠ ∅. Hence 𝐸 is 𝑔𝑋–

connected set. 

 

Theorem Let  (𝑌, 𝑔𝑌
1 , 𝑔𝑌

2) be a bigeneralized 

topological subspace of (𝑋, 𝑔𝑋
1 , 𝑔𝑋

2),  𝐴 ⊆ 𝑌. 
Then 𝐴 is a 𝑔𝑋–disconnected set  if and only if 

𝐴 is a 𝑔𝑌–disconnected set. 

 

Proof.  According to Theorem 3.5 and for any 

𝐶, 𝐷 ⊆ 𝑌, we point out that 𝐶 and 𝐷 are 𝑔𝑋–

separated sets if and only if 𝐶 and 𝐷 are 𝑔𝑌–

separated sets.  Thus 𝐴 = 𝐶 ∪ 𝐷  is 𝑔𝑋–

disconnected sets if and only if 𝐴 = 𝐶 ∪ 𝐷 is 

𝑔𝑌– disconnected set, which completes the 

proof. 

 

Corollary Let (𝑌, 𝑔𝑌
1 , 𝑔𝑌

2) be a bigeneralized 

topological subspace of (𝑋, 𝑔𝑋
1 , 𝑔𝑋

2) and 𝐴 ⊆
𝑌. Then 𝐴 is 𝑔𝑋–connected set  if and only if 

𝐴 is 𝑔𝑌–connected set. 

 

Some Results of 𝒈𝑿
𝟏 𝒈𝑿

𝟐–Compact Set 

Now, we present the concept of 𝑔𝑋
1 𝑔𝑋

2–

compact set and study some of their properties. 

Let us now begin our study by introduce the 

following Definition. 

 

Definition Let (𝑋, 𝑔𝑋
1 , 𝑔𝑋

2)  be a BGTS and 

𝐹 = {𝐹𝑖  | 𝐹𝑖  ⊆ 𝑋, 𝑖 ∈ 𝐽 } be a class of subset of 
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𝑋.  Then 𝐹 is called a cover of  𝐴 ⊆ 𝑋 if and 

only if 𝐴 ⊆ ⋃ 𝐹𝑖𝑖∈𝐽  and if 𝐹𝑖  is a 𝑔𝑋
1 𝑔𝑋

2–open 

in 𝑋  for all 𝑖 ∈ 𝐽,  then 𝐹  is called a 𝑔𝑋
1 𝑔𝑋

2–

open cover of 𝐴.  If 𝐽  is finite set, then 𝐹  is 

called a finite cover of 𝐴. 

 
Example Let 𝑅 be a set of real number, 𝑔𝑅

1 , 𝑔𝑅
2  

be usual topologies.  Then  (𝑅, 𝑔𝑅
1 , 𝑔𝑅

2)  is a 

BGTS. Let 𝐹 = {(𝑥 − 𝑟, 𝑥 + 𝑟) | 𝑥, 𝑟 ∈ 𝑅, 𝑟 >
0}.  Then 𝑅 = ⋃ (𝑥 − 𝑟, 𝑥 + 𝑟)𝑥∈𝑅  and (𝑥 −
𝑟, 𝑥 + 𝑟)  is 𝑔𝑅

1 𝑔𝑅
2– open in 𝑅.  Hence 𝐹  is 

𝑔𝑅
1 𝑔𝑅

2–open cover of 𝑅. 

 
Definition Let (𝑋, 𝑔𝑋

1 , 𝑔𝑋
2)  be a BGTS and 

𝐴 ⊆ 𝑋. If 𝐹 is cover of 𝐴 and 𝐻 is subclass of 

𝐹,  then 𝐻  is called a subcover of 𝐹 if 𝐻  is 

cover of 𝐴.  If  𝐻 is a finite cover of 𝐴, then 𝐻 

is called a finite subcover of 𝐹. 

 
Example Let 𝑅 be a set of real number, 𝑄 be a 

set of rational number and 𝑔𝑅
1 , 𝑔𝑅

2  be usual 

topologies. Then (𝑅, 𝑔𝑅
1 , 𝑔𝑅

2) is a BGTS.  

 
From 𝐹 = {(𝑥 − 𝑟, 𝑥 + 𝑟) | 𝑥, 𝑟 ∈ 𝑅, 𝑟 > 0} is 

𝑔𝑅
1 𝑔𝑅

2–open cover of 𝑅 and 𝐻 = {(𝑥 − 𝑟, 𝑥 +
𝑟) | 𝑥, 𝑟 ∈ 𝑄, 𝑟 > 0} is 𝑔𝑅

1 𝑔𝑅
2–open cover of 𝑅. 

Hence 𝐻 is a subcover of 𝐹. 

 
Definition Let (𝑋, 𝑔𝑋

1 , 𝑔𝑋
2)  be a BGTS and 

𝐴 ⊆ 𝑋. Then 𝐴 is said to be 𝑔𝑋
1 𝑔𝑋

2–compact, if 

any 𝑔𝑋
1 𝑔𝑋

2– open cover of 𝐴  has a finite 

subcover. 

 
Definition A BGTS (𝑋, 𝑔𝑋

1 , 𝑔𝑋
2) is said to be 

𝑔𝑋
1 𝑔𝑋

2–compact, if any 𝑔𝑋
1 𝑔𝑋

2–open cover of 𝑋 

has a finite subcover. 

 
Example 

1. A finite bigeneralized topological 

space (𝑋, 𝑔𝑋
1 , 𝑔𝑋

2) is 𝑔𝑋
1 𝑔𝑋

2–compact.  

2. Let 𝑅 be a set of real number, 𝑔𝑅
1  and 

 𝑔𝑅
2  be usual topologies. 

Then  (𝑅, 𝑔𝑅
1 , 𝑔𝑅

2) is a BGTS.  Hence we 

have (0, 1) is not 𝑔𝑅
1𝑔𝑅

2–compact in 𝑅. 

 
Theorem Let a BGTS  (𝑋, 𝑔𝑋

1 , 𝑔𝑋
2)  be 𝑔𝑋

1 𝑔𝑋
2–

compact and 𝐹 ⊆ 𝑋.  If  𝐹  is 𝑔𝑋
1 𝑔𝑋

2– closed, 

then 𝐹 is 𝑔𝑋
1 𝑔𝑋

2–compact. 

Proof.  Let 𝐹 ⊆ 𝑋 be a 𝑔𝑋
1 𝑔𝑋

2– closed set and 

{𝐺𝑖  | 𝑖 ∈ 𝐽 }  be 𝑔𝑋
1 𝑔𝑋

2– open cover of 𝐹.  Thus 

{𝐺𝑖  | 𝑖 ∈ 𝐽 } ∪ {𝑋\𝐹}  is 𝑔𝑋
1 𝑔𝑋

2– open cover of 

𝑋.  Since 𝑋  is 𝑔𝑋
1 𝑔𝑋

2– compact, there is 

𝑖1, 𝑖2, … , 𝑖𝑛 ∈ 𝐽  such that 𝑋 ⊆ (⋃ 𝐺𝑖𝑘

𝑛
𝑘=1 ) ∪

(𝑋\𝐹). It follows that 𝐹 ⊆ (⋃ 𝐺𝑖𝑘

𝑛
𝑘=1 ) ∪ (𝑋\

𝐹)  but 𝐹 ⊈ (𝑋\𝐹),  thus 𝐹 ⊆ ⋃ 𝐺𝑖𝑘

𝑛
𝑘=1 . 

Therefore 𝐹 is 𝑔𝑋
1 𝑔𝑋

2–compact. 

 

Theorem Let (𝑋, 𝑔𝑋
1 , 𝑔𝑋

2) be a BGTS. Then 𝑋 

is 𝑔𝑋
1 𝑔𝑋

2–compact if and only if for any class of 

𝑔𝑋
1 𝑔𝑋

2– closed sets {𝐹𝑖 | 𝐹𝑖 ⊆ 𝑋, 𝑖 ∈ 𝐽 }  such 

that ⋂ 𝐹𝑖𝑖∈𝐽 = ∅,  there is a finite subset 

{𝑖1, 𝑖2, … , 𝑖𝑛}  of  𝐽 and ⋂ 𝐹𝑖𝑘

𝑛
𝑘=1 = ∅.  

 

Proof.  Suppose that 𝑋  is 𝑔𝑋
1 𝑔𝑋

2– compact, 

{𝐹𝑖  | 𝐹𝑖 ⊆ 𝑋, 𝑖 ∈ 𝐽 }  is class of 𝑔𝑋
1 𝑔𝑋

2– closed 

sets and ⋂ 𝐹𝑖𝑖∈𝐽 = ∅. Thus 𝑋 = 𝑋\

(⋂ 𝐹𝑖) =𝑖∈𝐽 ⋃ (𝑋\𝐹𝑖).𝑖∈𝐽  Since 𝐹𝑖  is 𝑔𝑋
1 𝑔𝑋

2–

closed set for all 𝑖 ∈ 𝐽, 𝑋\𝐹𝑖 is 𝑔𝑋
1 𝑔𝑋

2–open set 

for all 𝑖 ∈ 𝐽. It follows that {𝑋\𝐹𝑖  |  𝑖 ∈ 𝐽 } is 

𝑔𝑋
1 𝑔𝑋

2– open cover of 𝑋. By assumption, 𝑋 is 

𝑔𝑋
1 𝑔𝑋

2– compact, there is a finite subcover 

{𝑋\𝐹𝑖𝑘
 |  𝑘 = 1, 2, … , 𝑛}  such that  𝑋 =

⋃ (𝑋\𝐹𝑖𝑘
) = 𝑋\(⋂ 𝐹𝑖𝑘

𝑛
𝑘=1 ).  𝑛

𝑘=1 Therefore 

⋂ 𝐹𝑖𝑘

𝑛
𝑘=1 = ∅. 

Conversely, Let { 𝐺𝑖   |  𝐺𝑖 ⊆ 𝑋, 𝑖 ∈ 𝐽 }  

be  𝑔𝑋
1 𝑔𝑋

2–open cover of 𝑋. Thus { 𝑋\𝐺𝑖 |  𝑖 ∈
𝐽 } is a class of 𝑔𝑋

1 𝑔𝑋
2– closed set in 𝑋.  It 

follows that ⋂ (𝑋\𝐺𝑖)𝑖∈𝐽 = 𝑋\(⋃ 𝐺𝑖) =𝑖∈𝐽 ∅. 

By assumption, we will have {𝑖1, 𝑖2, … , 𝑖𝑛} ⊆ 𝐽 

such that ∅ =  ⋂ (𝑋\𝐺𝑖𝑘
)  =  𝑋\𝑛

𝑘=1

(⋃ 𝐺𝑖𝑘
).  𝑛

𝑘=1 Thus 𝑋 = ⋃ 𝐺𝑖𝑘
   𝑛

𝑘=1 is 𝑔𝑋
1 𝑔𝑋

2–

compact. 

 

Theorem Let (𝑋, 𝑔𝑋
1 , 𝑔𝑋

2)  be a BGTS and 

𝐴, 𝐵 ⊆ 𝑋. If 𝐴 and 𝐵 are 𝑔𝑋
1 𝑔𝑋

2–compact then 

also 𝐴 ∪ 𝐵. 
 

Proof.  Let {𝑈𝑖  | 𝑖 ∈ 𝐽 } be 𝑔𝑋
1 𝑔𝑋

2– open cover 

of 𝐴 ∪ 𝐵.  Thus {𝑈𝑖  | 𝑖 ∈ 𝐽} is 𝑔𝑋
1 𝑔𝑋

2– open 

cover of 𝐴  and 𝐵.  Since 𝐴  and 𝐵  are 

 𝑔𝑋
1 𝑔𝑋

2– compact, there is 

𝑈𝑖1
, … , 𝑈𝑖𝑛

, 𝑈𝑖𝑛+1
, 𝑈𝑖𝑛+2

, … , 𝑈𝑖𝑛+𝑚
∈  {𝑈𝑖  | 𝑖 ∈

𝐽 } such that 𝐴 ⊆ ⋃ 𝑈𝑖𝑘
 𝑛

𝑘=1  and 𝐵 ⊆

⋃ 𝑈𝑖𝑘
.𝑛+𝑚

𝑘=𝑛+1  Therefore 𝐴 ∪ 𝐵 ⊆ ⋃ 𝑈𝑖𝑘
,𝑛+𝑚

𝑘=1  

which the proof is complete. 
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Corollary Let (𝑋, 𝑔𝑋
1 , 𝑔𝑋

2)  be a BGTS and 

𝐴𝑖 ⊆ 𝑋  for all 𝑖 = 1, 2, … , 𝑛.  If 𝐴𝑖  is 𝑔𝑋
1 𝑔𝑋

2–

compact for all 𝑖 = 1, 2, … , 𝑛.,  then ⋃ 𝐴𝑖 
𝑛
𝑖=1  

is 𝑔𝑋
1 𝑔𝑋

2–compact. 

Conclusions 

In this paper we defined 𝑔𝑋–separated and 𝑔𝑋–

connected set and provided a appropriate 

conditions on set which can be separated and 

connected set in bigeneralized topological 

space.  Moreover, we not only studied the 

behavior of disconnected set but also 

introduced the concept of compact set in this 

space. 

Acknowledgments 

The authors would like to thank the referees for 

useful comments and suggestions on the 

manuscript. 

 

 

 

 

 

 

 

 

 

 

References 

Boonpok, C. (2010). Weakly Open Functions on 
Bigeneralized Topological Spaces. Int. J. Math. 

Anal., 4(18):891-897. 

Cs\acute{a}sz\acute{a}r, \acute{A.} (2002). Generalized 
Topology, Generalized Continuity. Acta Math. 

Hung., 96(4):351-357. 

Cs\acute{a}sz\acute{a}r, \acute{A.} (2005). Generalized 
Open Sets in Generalized Topologies. Acta Math. 

Hung., 106(1-2):53-66. 

Dungthaisong, W., Boonpok, C. and Viriyapong, C. 
(2011). Generalized Closed Sets in Bigeneralized 

Topological Spaces. Int. J. Math. Anal., 5(24): 

1,175-1,184. 
Jamunarani, R. and Jeyanthi, P. (2012). Regular Sets in 

Generalized Topological Spaces. Acta Math. 

Hung., 135(4):342-349. 
Min, W.K. (2009a). Almost Continuity on Generalized 

Topological Spaces. Acta Math. Hung., 125(1-2): 

121-125. 
Min, W.K. (2009b). Weak Continuity on Generalized 

Topological Spaces. Acta Math. Hung., 124(1-2): 

73-81. 
Sompong, S. and Rodjanadid, B. (2016). Neighborhood 

and Accumulation Points on Bigeneralized 

Topological Spaces. Far East J. Math. Sci., 100(1):65-79. 


