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Abstract

In recent year, the study of bigeneralized space, which is provided with two arbitrary
generalized topologies, have received increasing attention in general topology. Several
mathematician have studied this concept in many direction. In this paper we introduced
the concept of separated, disconnected and compact sets in bigeneralized topological
spaces.

connected

Keywords: Bigeneralized topological spaces,

disconnected sets, compact sets

separated sets, sets,

Introduction

In recent year, the study of generalized
topological space, which was introduced by
Csaszar (2002) have received increasing
attention in General Topology. Specifically,
the generalized topology is a subset gy of the
power set of X such that @ € g, and arbitrary
union of elements of gy belongs to gy.
It’s clear that each topology is a generalized
topology, but not conversely. Several
mathematician have studied this concept in

many direction. Boonpok (2010) introduced
the notation of bigeneralized topological
spaces which are provided with two arbitrary
generalized topologies. He not only studied
some of the fundamental properties of close
and open set in such space but also introduced
the concept of weakly open functions on this
space. In this paper, the concept of separated,
disconnected and compact sets in
bigeneralized topological spaces is presented.
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Separated, Disconnected and Compact Sets in Bigeneralized Topological Spaces

The paper is organized in the following
manner. In section 2, we set up notation and
review some of the standard fact on
generalized and bigeneralized topological
spaces. Section 3 is devoted to the study of
separated and disconnected in bigeneralized
topological spaces. Next, we present the results
of compact in such space which include some
useful observations.

Preliminaries

In this section we will list some concepts and
some previous results which are needed for
this paper.

Let X be a nonempty set and gy be
a collection of subsets of X. Then gy is called
a generalized topology (briefly GT) on X if
PegyandifG, e gyforiel +@thenG =
Uier G; € gx-

By (X, gx) denote a nonempty set X with
a generalized topology gy on X and it is called
a generalized topological space (briefly GTS)
on X. The elements of gy are called gy—open
sets and the complements are called gyx—closed
sets. Set gx0(X)={Uc<X|UE€ gy} and
gx0(x) ={U € gx|x €U} If AcX then
the union of all gy—open sets contained in A is
denoted by gxInt(A), the interior of A.
Similarly, the intersection of all gy—closed sets
containing A is denoted gxCl(A), the closure
of A (Csaszar,2005). In a space (X, gx), if
Jyx is closed under the finite intersection, then
(X, gx) is called a quasi- topological space
(Boonpok, 2010).

Theorem (Min, 2009a ) Let (X, gx) bea GTS.
Then

1. gxCl(A) = X\gxInt(X\A),

2. gxInt(4) = X\gxClL(X\A).

Proposition (Min, 2009b) Let (X,gx) be a
GTSand A < X. Then

1. x € gxInt(A) if and only if there
exists V € gyO(x) suchthat V c A.

2. x €gxCl(A) ifand only if VN A +#
@ forevery V € gx0(x).

Proposition (Dungthaisong et al., 2011) Let
(X, gx) bea GTS. For any subsets A and B of
X, the following properties hold;

1. gxCL(X\A) = X\gxInt(A)
gxInt(X\A) = X\gxCl(A);

2. If X\A € gy then gxCl(4) = A and
if A € gy then gyInt(A) = 4;

3. If Ac B , then gyxCl(A) <
gxClL(B) and gyInt(A) € gxInt(B);

4. A € gxCl(A) and gxInt(A) € A;

3. gXCl(gXCl(A)) = gxCl(4)
gXInt(gXInt(A)) = gxInt(4).

and

and

Lemma (Jamunarani and Jeyanthi, 2012) Let
(X,gx) be a GTS. If (X,gx) is a quasi-
topological spaces, then the following
properties hold;

1. If A and B are gx—open sets, then
A N B is gx—open set.

2. gxInt(AnB) = gxInt(A) n
gxInt(B) forevery subset A and B of X.

3. gxCl(AUB) = gxCIl(A) U gxCL(B)
for every subset A and B of X.

Next, we recall some notions and
notations of bigeneralized topological spaces.

Definition (Boonpok, 2010) Let X be a
nonempty set and g%, g% be generalized
topologies on X. A triple (X, g%, g2) is called
a bigeneralized topological space (briefly
BGTS).

Let (X,g% g%) be a BGTS and A a
subset of X. The closure and the interior of A
with respect to g4 are denoted by g&Cl(A)
and g4 Int(A), respectively, for i = 1, 2.

Definition (Boonpok, 2010) A subset A of a
BGTS (X, g%, g2) is called gig}— closed if
A = gkCl(g)Cl(A)) where i,j =1 or 2 and
i # j. The complement of g§g§—closed set is
called g gJ—open.

Proposition (Boonpok, 2010) Let (X, g%, g%)
beaBGTSand A, B < X. Then

1. Ais gkgl—closed if and only if A is
both gy—closed in (X, g&) and (X, gJ).
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2. If A and B are ghgl— closed, then
ANB is gkgy—closed.

3. A is gkgj— open subset of
(X,9%.9%) if and only if A=
gkInt(gyInt(A).

4. 1f Aand B are gk gl—open, then A U
B is gk gx—open.

Definition (Sompong and Rodjanadid, 2016)
Let (X, g%, g%) be a BGTS and Y be a subset
of X. Define g¢ and g2 as follows: gi =
{AnY:A€gi} and g2 ={BNY:BE g3}
A triple (Y, g3, g2) is called a bigeneralized
topological subspace of (X, g%, g2).

Let (Y,gi,g%) be a bigeneralized
topological subspace of (X, g%, g2),and A €
Y. The gy—closure and gy—interior of A with
respect to g are denoted by g CI(A) and
gvInt(A), respectively for i =1,2. Then
giCl(A) =Y n giCl(A) and g2Cl(A) =Y n
gxCL(A).

Proposition (Sompong and Rodjanadid, 2016)
Let (Y, g¢, g2) be a bigeneralized topological
subspace of (X, g%, g%) and F a subset of Y. If
F is gkg3—closed, then F is g¢ g2—closed.

Results

Some Results of gy— Separated and gy—
Connected Set

In this section, we will restrict our
attention to the study of gy— separated and
gx—connected set, respectively. We then start
with the following notation.

Definition Let (X, g3, g3) be a BGTS and let
A and B be two non—empty subsets of X. A
and B are called gy—separated sets if and only
if gbCl(A)NB =0 and AN giCl(B) =0,
foralli =1,2.

Example
1. Let X ={1,2,3}. Define
structures g% and g2 on X as follows:
gx =1{0,{1},{1,2},{2,3}, X} and g% =
{0,{1},{3},{1,2},{1,3}, X}. Then we have {1}

g_

and {3} are gx—separated set. But {1} and
{2,3} are not gy—separated set.

2. Let X =[-10,10], define g} and
g2 as follows:

gt ={[-10,7),(b,10),[-10,7) U
(b,10)|b € X,b = 7} and gz =
{(=10,a),(7,10],(=10,a) U (7,10]| a €
X,a <7}

Then we have {—10} and {10} are gx—
separated set, but {—10, 8} and {10, 6} are not
gx—Separated set.

3. Let X=[-1,1], define g}=
{9,[-1,0],(0,1],[0,1], X} and gz =
{0,[-1,0),[-1,0],[0,1],X}. Then [-1,0)
and (0, 1] are gy—separated set.

Lemma Let (X,gyx) bea GTS and 4,G < X.
If G is gy—open, then G N A = @ if and only
if G N gxCl(A) = 0.

Proof. Let G be gxy—openand GNA = Q.
Assume that G N gxCL(A) # @. Thus there
exists x€G and x € gyCl(4). By
Proposition 2.2, we have U N A # @ for every
U € gy containing x. Since G is gx—open and
x€G, GNA=+@ which contradicts our
assumption. Thus, G N gxCL(A) = @.

Conversely, it is clearly seen that G n
A=0.

Theorem Let (X, g%, g%) be aBGTS, A and B
are gh— open subsets of X, for all i=
1,2. Then A and B are gy—separated sets if
andonlyif AnB = 0.

Proof. It follows from Definition 3.1 and
Lemma 3.3.

Theorem Let (Y, gi, g2) be a bigeneralized
topological subspace of (X, g%, g2) and
A,B € Y.Then A and B are gy—separated sets
if and only if A and B are g,—separated sets.

Proof. Suppose that 4,B €Y, A and B are
gy— separated sets. Thus giCl(A)NB =@
and AngiCl(B)=0. It follows that
gyCl(A) NB =giCl(A)NYNB =
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g-Cl(A)NB =90 and AngiCI(B) =AnN
gkCl(BYNY =AngiCl(B) =9, forall i =
1,2. Therefore A and B are gy— separated
sets.

Conversely, suppose that A and B are
gx— separated sets. Thus giCI(A)NB =
giCl(A)NYNB=giCl(A)NB=¢ and
ANngiCl(B)=AngiCl(B)NY = AN
gkCl(B) = @, for all i = 1,2. Hence A and B
are gy—separated sets.

Theorem Let (X, g%, g2) be a BGTS, ¢ #
A BC X and AnB =@. Then A and B are
gX—separated sets if and only if A and B are
ghus—open and g, z—closed in subspace A U
Bof X, foralli =1, 2.

Proof. Let @#A,B<SX and AnB = 9.
Assume that A and B are gy—separated sets.
Thus gkCl(A)NB =¢ and AN gikCl(B) =
@, forall i = 1,2. Forany i € {1, 2}, we also
have giCl(A) = gkCl(A)NnY = AU
(gkCl(A)nB) = A, where Y =AUB.
Thus A is gi—closed. Similarly, we also have
B is gi—closed. Since ANB=@,A=VY\B
and B = Y\A. Hence A and B are gi—open.
Conversely, we assume that A and B are
gv—open and gi— closed, where Y = AU B.
From Lemma 3.3, we have giCl(A)NB = @
and AngiCl(B) =9, for all i=1,2. It
follows that g4Cl(A)NB = giCl(A)NB =
@. Similarly, we obtain that A n giCL(B) = @
Therefore A and B are gy—separated sets.

Definition Let (X, g%, g%) be a BGTS and
A € X. We called A isa gy—disconnected set
if and only if A = C U D,where C and D are
gx—separated sets and we called A is a gy—
connected set if and only if A is not gy—
disconnected set.

A BGTS (X, gk g%) is called a gy—
disconnected space if X isa gy—disconnected
set and (X, g%, g2) is called a gy—connected
space if X isa gy—connected set.

Example
1. Let X ={1,2,3}. Define
structures g% and g2 on X as follows:

g_

gx = {0,{1},{1,2},{2,3},X} and g3 =
{6,{1},{3},{1,2},{1,3},X}. Then we have
{1,3} is a gx— disconnected set, because
{1} and {3} are gx-separated set.

2. Let X =[-10,10],
and g2 as follows:

gy ={[-10,7),(b,10),[-10,7) U
(b,10)|b € X,b = 7} and
g% ={(-10,a),(7,10],(-10,a)

U(7,10]|a € X,a < 7}.

define g%

Then we have {—10,10}
disconnected set.

3. Let X=[- ,
{0,[-1,0],(0,1], [0 1],X} and

9% =1{9,[-1,0),[-1,0],[0, 1], X}.

Then [— 10)U(0 1] is a gx-
disconnected set.

is gx—

1,1] define g3 =

Theorem Let (X, g%, g2) be a BGTS. Thus X
is gx— disconnected set if and only if there
exists a non—empty proper subset A of X such
that A is gk—open and gi—closed set, for all
i=1,2

Proof. First, we assume that X is gy—
disconnected set. Thus there exist a non—empty
sets C and D such that X = C U D, where C
and D are gy—separated sets. Since g&CL(C) N
D =@, we have that Cn D = @. It follows
that C = X\D and D = X\C. From X =C U
D € C U gLCI(D), it follows that CuUD =
C U gkCl(D). Since CngiCl(D) =@ and
D c giCl(D), we have D = g&CI(D). Thus
D is gh—closed set and we also have C is gi—
open set. Similarly, we have C is gi—closed
setand D is gi—open set, forall i = 1, 2.

Conversely, suppose that there exists a
non-empty propersubset A of X such that A is
gx—open set and gx—closed set, for all i =
1,2. Let B = X\A. Thus B is a non-empty
proper gi—closed and g—open subset of X,
foralli =1,2. Therefore X = AUBand An
B = @. Since A and B are g—open set and
Lemma 3. 3, AngiCI(B)=0 and
gkCl(A) nB =@, for all i = 1,2. Hence X is
gx—disconnected set.
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Theorem Let (X, g%, g2) be a BGTS. Thus X
is gx— disconnected set if and only if there
exists a non—empty proper gk—open subset U
andVofXsuchthat X =UuVandUNV =
@, foralli =1,2.

Proof. Assume that X is gy—disconnected set.
According to Theorem 3.9, there exists a hon—
empty proper subset A of X such that A is g&—
open set and gi—closed set, for all i = 1,2.
Then X\A is a non—empty proper gi—closed
and g—open subset of X, which is obtained
our results.

Conversely, suppose that there exist a
non— empty gi—open subset U and V of X
such that X =U UV and UnV =@, for all
i =1,2.Since U and V are gi—open sets and
UNnV =0, by Lemma 3. 3, thus we have
UngiCl(V)=0 and giCl(U)NV =@,
for all i=1,2. Therefore X is a gx—
disconnected set.

Theorem Let (X, g%, g%) be a BGTS and E is
a gy—connected subsetof X. IfEC AUB, A
and B are gy—separated sets. Then either E <
AorE CB.

Proof. According to our assumption, we have
that E=(EnNA)U(ENB). Suppose that
ENA+@ and ENB # @. Since A and B
are gy—separated sets, (E nA) n giCL(E N
B) € (EnA)ngiCl(B) = ¢. Similarly,
we also have giCL(ENA)n(ENB) =09,
for all i=1,2. Then ENA and ENB are
gx— separated sets. Therefore E is a gxy—
disconnected set which is a contradiction. Thus
EnA=@¢or EnB =¢@. Itfollowsthat E =
ENB or E=ENA. Hence either EC A o
E c B.

Theorem Let (X, g%, g2) be a BGTS and E is
a gx— connected subset of X. If ECAC
gyCL(E), for all i =1,2, then A is a gy—
connected set.

Proof. Suppose that 4 is a gx—disconnected
set. Thus there exist two non—-empty sets C and
D such that A=CUD,C and D are gx—
separated sets. Since E is a gy—connected set,

E € C U D, and Theorem 3.11,we have either
EcCcCorEcCD. If ECC,then D = An
D c giCI(E)ND < giCl(C)nD = ¢.
Contradiction with D # @. Similarly, if E ©
D, then C = @. Therefore A is a gy—connected
set.

Theorem Let (X, g%, g2) beaBGTS and E C
X. If for any x,y € E and x # y, there exists
gx—connected set F € E such that x,y € F.
Then E is a gy—connected set.

Proof. Suppose that E is gy—disconnected set.
Thus there exist non—empty gy—separated sets
A and B such that E = AU B. Then we also
have A n B = @ and it follows that there exist
x€AyeBand x #y. Thus x,y € E and
by assumption there exists a gy—connected set
F € E such that x,y € F. From Theorem 3.11
and since F € E = A U B, we have either F <
AorF S B.ThenANnB # @. Hence E is gx—
connected set.

Theorem Let (Y, g¢, g2) be a bigeneralized
topological subspace of (X, g%, g2), ACY.
Then A is a gy—disconnected set if and only if
A is a gy—disconnected set.

Proof. According to Theorem 3.5 and for any
C,D cY, we point out that C and D are gyx—
separated sets if and only if C and D are gy—
separated sets. Thus A=CUD is gy—
disconnected sets if and only if A=CuUD is
gy— disconnected set, which completes the
proof.

Corollary Let (Y, g3, g2) be a bigeneralized
topological subspace of (X, g%,g2) and A €
Y. Then A is gy—connected set if and only if
A'is gy—connected set.

Some Results of g} g%—Compact Set

Now, we present the concept of gk g2—
compact set and study some of their properties.
Let us now begin our study by introduce the
following Definition.

Definition Let (X, g%, g%) be a BGTS and
F={F,|F;, € X,i €]} beaclass of subset of
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X. Then F is called a cover of A < X if and
only if A € Uy, F; and if F; is a gxgz—open
in X for all i €, then F is called a gyg%—
open cover of A. If J is finite set, then F is
called a finite cover of A.

Example Let R be a set of real number, g3, g2
be usual topologies. Then (R, gk, g2) is a
BGTS. LetF ={(x—r,x+71r)|x,r€ER,T>
0}. Then R = Uyegr(x —m,x +71) and (x —
r,x +7) is gigi- open in R. Hence F is
gk g&—open cover of R.

Definition Let (X, g%, g%) be a BGTS and
A S X. If Fiscover of A and H is subclass of
F, then H is called a subcover of F if H is
cover of A. If H is a finite cover of 4, then H
is called a finite subcover of F.

Example Let R be a set of real number, Q be a
set of rational number and g%, g2 be usual
topologies. Then (R, gk, g2) is a BGTS.

FromF ={(x—7r,x+7r)|x,r €R,r > 0}is
gigi—open cover of Rand H = {(x —r,x +
) | x,7 € Q,r > 0} is g g2—open cover of R.
Hence H is a subcover of F.

Definition Let (X, g%, g%) be a BGTS and
A C X. Then A is said to be g} g2—compact, if
any gkg3— open cover of A has a finite
subcover.

Definition A BGTS (X, g%, g2) is said to be
gxgi—compact, if any g g2—open cover of X
has a finite subcover.

Example

1. A finite bigeneralized topological
space (X, gx, g2) is gxgZ—compact.

2. Let R be a set of real number, g% and
g2 be usual topologies.

Then (R, gg, g3) is a BGTS. Hence we
have (0, 1) is not g} gz—compact in R.

Theorem Leta BGTS (X, g%, g2) be gtgs—
compact and F € X. If F is gkg%— closed,
then F is g% g2—compact.

Proof. Let F € X be a grg%—closed set and
{G;|i €]} be gtgi—open cover of F. Thus
{G;|ieJYU{X\F}is gtg3—open cover of
X. Since X is gxg%i- compact, there is
i1,iz, ., in €] such that X c (Up_,G;)U
(X\F). It follows that F < (U} G;,) U (X\
F) but F& (X\F), thus F < U}, G;,.
Therefore F is g} g2—compact.

Theorem Let (X, g%, g%) be aBGTS. Then X
is gy g%—compact if and only if for any class of
grg2—closed sets {F; |F; € X,i€J} such
that N;e; F; = @, there is a finite subset
{is, iz, in} Of Jand N, F;, = 0.

Proof. Suppose that X is g}g2— compact,
{F,|F;€X,i€]}is class of gig2— closed
sets and N F;=0. Thus X=X\
(Niey Fi) =Uie;(X\F;). Since F; is gxgz—
closed set forall i € J, X\F; is g% g2—open set
for all i € J. It follows that {X\F;| i €]} is
gxgZ—open cover of X. By assumption, X is
gy g%— compact, there is a finite subcover

{X\F;, | k=1,2,..,n} such that X=
Uroi(X\Fy,) = X\(N}_1 Fy)- Therefore
n;(,':l Fik = @

Conversely, Let {G; | G;cX,i€]}

be gig2—open cover of X. Thus { X\G; | i €
J} is a class of gig2— closed set in X. It
follows that N;e;(X\G;) = X\(U;e; G;) = 0.
By assumption, we will have {i,, i, ..., i,} € J
such that 0 = Ni=1(X\G;,) = X\
(Uk=1Gy)- Thus X = UR_1 Gy IS gxgi—
compact.

Theorem Let (X, g%, g2) be a BGTS and
A,B € X.If Aand B are g} g%—compact then
also AU B.

Proof. Let {U; |i € ]} be gk g2—open cover
of AUB. Thus {U;|i€]J} is gig?— open
cover of A and B. Since A and B are

grgi- compact, there is
Uy Ui Us Uy, U € U] E
J} such that A< Uk, U, and BC
Ukiny1Uy,. Therefore AU B € UpiT'u,,,

which the proof is complete.
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Corollary Let (X, g%, g%) be a BGTS and
A;cX forall i =1,2,..,n. If 4; is gtg3—
compact for all i = 1,2,..,n, then UL, 4;
is g% g2—compact.

Conclusions

In this paper we defined gy—separated and gx—
connected set and provided a appropriate
conditions on set which can be separated and
connected set in bigeneralized topological
space. Moreover, we not only studied the
behavior of disconnected set but also
introduced the concept of compact set in this
space.

Acknowledgments

The authors would like to thank the referees for
useful comments and suggestions on the
manuscript.

References

Boonpok, C. (2010). Weakly Open Functions on
Bigeneralized Topological Spaces. Int. J. Math.
Anal., 4(18):891-897.

Cs\acute{a}sz\acute{a}r, \acute{A.} (2002). Generalized
Topology, Generalized Continuity. Acta Math.
Hung., 96(4):351-357.

Cs\acute{a}sz\acute{a}r, \acute{A.} (2005). Generalized
Open Sets in Generalized Topologies. Acta Math.
Hung., 106(1-2):53-66.

Dungthaisong, W., Boonpok, C. and Viriyapong, C.
(2011). Generalized Closed Sets in Bigeneralized
Topological Spaces. Int. J. Math. Anal., 5(24):
1,175-1,184.

Jamunarani, R. and Jeyanthi, P. (2012). Regular Sets in
Generalized Topological Spaces. Acta Math.
Hung., 135(4):342-349.

Min, W.K. (2009a). Almost Continuity on Generalized
Topological Spaces. Acta Math. Hung., 125(1-2):
121-125.

Min, W.K. (2009b). Weak Continuity on Generalized
Topological Spaces. Acta Math. Hung., 124(1-2):
73-81.

Sompong, S. and Rodjanadid, B. (2016). Neighborhood
and Accumulation Points on Bigeneralized
Topological Spaces. Far East J. Math. Sci., 100(1):65-79.



