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Abstract

In this paper we propose 2 estimators for estimating a population total under unequal
probability sampling without replacement, a linear and a ratio estimator. We show in
theory that the linear estimator is an unbiased estimator and the latter is an asymptotically
unbiased estimator. We propose a general form of the variance, and also an estimator of
the variance in this paper considered under the reverse framework and only when the
sampling fraction is negligible. We can show in theory that the variance estimators of the
proposed estimators are asymptotically unbiased. A simulation study has been conducted
to ascertain the performance of the proposed estimators.

Keywords: Probability proportional to size sampling, first and second order inclusion
probability, sampling fraction, reverse framework

Introduction

answer

Nonresponse usually occurs in sample surveys
due to a failure to collect data. Unit and item
nonresponses are currently defined types of the
nonresponse. It is called a unit nonresponse if
the selected sample elements do not provide
the requested information, while in contrast it
is called an item nonresponse when sample
elements participate in the survey but refuse to

specific portions of the survey
questions for any reason, known or otherwise.
Shao and Steel (1999) stated that variance
estimation is a key element in analyzing survey
data and subsequently a lot of research has
been conducted under the presence of
nonresponse with technical countermeasures
in place to overcome it using the most
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appropriate variance estimators. At present, a
two- phase framework provides the basis for
development of the most well-known variance
of population total estimator (Sarndal, 1992;
Deville and Sérndal, 1995; Kajal, 2014) and it
views nonresponse as the second- phase of
selection. In literature covering the two-phase
framework developments, Sarndal and Lundstrém
(2005) proposed an estimator extending the
estimator of Horvitz and Thompson (1952) into
a two- phase framework, multiplying inverse
response probability.

The Sérndal and Lundstrom (2005)
estimator requires known response probabilities;
however, they are not always known in
practice. Therefore, Lawson (2017) proposed
an asymptotically unbiased estimator for the
population total without any known or
estimated response probabilities and it worked
under a reverse framework. This framework
was first introduced by Fay (1991) who
proposed reversing the order of sampling and
response. Lawson’s (2017) stimator is proposed
under unequal probability sampling with
probability proportional to size with replacement
(PPSWR) and when a sampling fraction is
negligible. Usually the variance of a population
total estimator under sampling with replacement
is larger than sampling without replacement.
Therefore, in this paper, we focus on
estimating the variance of the population total
in the presence of unit nonresponse under
unequal probability sampling without replacement.
For simplicity we suppose that the response
probability is constant. In section 2 we set out
a formal framework and proposed population
total estimators and their associated variances.
In Section 3, the performance of the variance
estimators of our proposed estimators are
studied in a simulation study. Finally, some
concluding comments are given in Section 4.

Materials and Methods

Basic Setup Under Reverse Framework

Let U = {1,2,...,i,... ,N} be a finite
population, N be the size of U, and y be a study
variable. Subsequently, the population total of

y can be denoted as Y:_g Yi. Let n denote the
1

total number of elements in sample S, selected
according to unequal probability sampling
without replacement, and n, denote the total
number of respondents in response sample r.

Under unequal probability sampling
without replacement e.g., with probability
proportional to the sample size without
replacement, probability proportional to size,
systematic sampling, or the Midzuno (1952)
scheme, let zj and #j; denote the first and
second order of inclusion probabilities defined
by @i = P(ies) and mj = P(injes); |, ] =
1,2,...,N. Let us define a random variable I;
where ;=1 if ies; otherwise I; = 0.

Let Es(.) and Vs (.) denote the expectation
and variance operators respective to unequal
probability sampling without replacement.
Under nonresponse, let subscript R denote the
nonresponse mechanism and r; denote the
response indicator variable of y; where r; = 1, if
yi is observed; otherwise ri=0.

Let pi denote the response probability as
defined by p; = P(r; = 1).We assume that pi=p
forall units in U. Let Er(.) and Vg(.) denote the
expectation and variance operators with
respect to the nonresponse mechanism. We
assume that the sampled units respond to item
y independently of each other with probability
p. Hence, Er(ri) = P(ri= 1) =p, Vr(ri) = p(1-p)
and Er(rirj) = Er(ri)Er(T;) = p% Let, E, V denote
the overall expectation and variance operators.
Finally, we assume that the sampling fraction
is negligible.
Variance Estimation Under Reverse
Framework

Reverse framework was first introduced
by Fay (1991), who reversed the order of
sampling and response (Shao and Steel, 1999;
Lawson, 2017; Lawson and Ponkaew, 2019).
In this framework, the variance of the

population total estimator Y is defined by
V(Y)=E Vs (Y|R)+V:Es (Y|R), where R =
( ryrz... ,rn) " is the vector of response
indicators. However, if the sampling fraction

f = n/N is negligible, the second component
may be omitted. Therefore, under the reverse
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framework with a negligible sampling
fraction, the variance of Y can be derived by:

V(Y)~EpVs (Y[R). &)

To estimate ERVq (Y|R) in Equation (1),
we use the same procedure that we used to
estimate V(Y|R). Let Vi be such that

ES(\75|R) =V, (Y|R) is consequently the
overall expectation obtained by E[\iisJ

:ER[ES (\73|R)] :ER[VS N|R)]
Therefore, V(Y) can be estimated by:

V (Y)=Vs (Y|R). @

The Proposed Estimators

In this section, we propose 2 estimators
for estimating population totals under unequal
probability sampling without replacement. The
first one is a linear estimator and the second
one is a ratio estimator. The ratio estimator
requires neither known nor estimated response
probability under a reverse framework with a
negligible sampling fraction. In the following
development we assume that (A) pi = p. for all

ieU and (B)
negligible.

sampling fraction f:W is

The Linear Estimator

In the case of full response, the Horvitz
and Thompson (1952) estimator, as originally
discussed by them, has been used to estimate
the population total. The Horvitz and
Thompson (1952) estimator is defined by

A y
Yy =S 2L
i éﬂi ]

In the presence of nonresponse, the
estimator must deal with responding elements
(Bethlehem, 1988). Therefore, Sarndal and
Lundstrom (2005) proposed an unbiased
estimator of population total based on Horvitz
and Thompson’s (1952) estimator along with a
set of respondents assessed under a two-phase

: y=y Y :
framework defined by * 5 z;p; where S, isa
set of respondents, under a two- phase
framework. They also discussed a method for
investigating the variance and the estimated
value of the variance of the proposed estimator
under a two-phase framework. The variance
estimator is also an unbiased estimator.

In this paper, we extended Sérndal and
Lundstrém’s (2005) estimator to include a
reverse framework for unequal probability
sampling without replacement and called it a
linear estimator. Under the reverse framework,
the linear estimator is defined by:

Y"r(l) z | |
ies 7Tj p| ’ (3)

where ;i denotes the first order of inclusion
probabilities under unequal probability
sampling without replacement. For simplicity,
we assume that p; = p for all units in U. Then:

(1) ZI

ies ﬂ’- p (4)

where 7; is defined in Equation (3). However,
if p is unknown, we can estimate p by

p=> &

. Zi. Therefore the linear estimator

ies 7Ti

is defined by ¥ =y fi%i

ies /4i

Theorem 1. Assume that assumption (A) is
correct. Under the reverse framework and
unequal  probability sampling  without

replacement, the linear estimator Y is an
unbiased estimator of Y.
Proof. From (4) we have, Y® = Zz;yrl)

les

The overall expectation of Yr
is obtained by:

E(Y) = EEs (VI IR) = EqE {z o }

Ies I

given R,



296

Estimating Variance in the Presence of Nonresponse

< ERMYVEs () < pyim
gj Tp igJ: mp  i@w mP

Then, E(Y,”)=Y. Therefore, Y® is an
unbiased estimator of Y.

2) The Ratio Estimator

From Equation (4) it is obvious that the
linear estimator requires a known response
probability. However, response probabilities
are not always known in practice. Therefore
Lawson (2017) proposed an alternative
estimator for solving the unknown response
probability under PPSWR sampling. In this
section, we extend Lawson’s (2017) estimator
to include unequal probability sampling
without replacement and call it a ratio
estimator. Under unequal probability sampling
without replacement the ratio estimator for
estimating the population mean is defined by
Y(Z) Zryl Z fi

ies 7 ies 7T
estimator for estimating the population total is:

Consequently the ratio

Yﬂr(Z) Y(2) Nzry' Z fi (5)
ies ﬂ IES

Theorem 2. Assuming that assumption (A) is

correct. Under a reverse framework with

unequal probability sampling  without

replacement, the ratio estimators Y,® and

Y@ are asymptotically unbiased of Y and Y,
respectively.

Proof. The proof is similar to Lawson (2017).

Estimated Variance and the Proposed
Variance Estimators

In this section we propose 2 general
forms of variance estimator, a linear and ratio
estimator both under unequal probability
sampling without replacement. First, we
investigate the variance of the linear estimator.
From Equations (1) and (4) the variance of the
linear estimator is obtained by:

:2 pyiﬂ-i =Y.

2 ; i
VO~ EV, (VO R)=EqVs [z w R}

—E.Vq [z ;1 R} o

where zli:ﬁ, Next, we investigate the

variance of the ratio estimator. From Equations
(1) and (5) the variance of the ratio estimator
is obtained by:

\Y (YAr(Z) )= ErVs (YAr(z) IR)= ErVs (NY_r(z) IR). (7)

From Equation (7) we can see that

Vo (NY?[R)=NA, (Y?|R).  However,

Y_r(z) is a form of ratio estimator; hence, its

variance can be derived by using Taylor’s
linearization approach (Lawson (2017). Under

this method, the linear estimator of Y_(z) can

Z L(y,-Y,),

IIES I

where Y. =3"ry. / S, Therefore
[EV)

be obtained by Y, y @ =Y A——

Vs (NY,@|R)=N4 (Y,?|R)

_ 1 I _
SN V<3 Ly YR

iies /i

ieU
Vs 2 .Zr %Y )R
_V (z 2i )
1es , (8)

N _
where Z; :yﬁ (Yi=Y). Substitute Equation
- 1

(8) into Equation (7),
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ezl
les | . (9)

From Equations (6) and (9) the variance
of the linear estimator and ratio estimator may
be written as:

~ 7.
Ve (TR
les I

: (10)
hiYi

where  Z;; ZT ,

Nr:.zri :
il

SR | and

. Z:
From Equation (10) we see that Z%
ies 7t
has the same form as Horvitz and Thompson’s
(1952) estimator. Therefore, the sampling

variance of Zﬁ given R is defined by:

ies 7j

V(2R )3 D7 5 T Dyt

ieU jzieU (11)
Substitute Equation (11) into Equation
(10) and we have,

\Y Nr m))z ERVs (Z%| Rj

ies 7¢j

[ZDZ i+, 2 Dyzy m,}

iU jzieU

_ZDE (Zm|)+z Z DuE (Zml)E (ZmJ)

iU j#ielU

Then, the variance of linear and ratio
estimators can be derived from:

V(Y™)= ZDE (zm)+
>y D Er (Z0i)Er (Zy)’

iU jziel

(12)

where Zyni and m =1, 2 are defined in Equation
(10).

Furthermore, by using Equations (2),
(10), and (11), the general form of variance
estimator of the linear and ratio estimators for
estimating population total is obtained by:

V(Y ™)=~YDi25+Y ¥ Dyl
Ies 1S J#les , (13)
where 2, Yz == (y-Y,) [\]rzz;_i,
ies 7*j
2 LY.
Yy =SiJi . ~
' g‘ )" Di=(1—7z-)7z- 2 and

Dij:(ﬂij J)(ﬂ 7[7[])
Next, we investigate the variances of the

proposed estimators and discuss in Theorem 3
and Theorem 4, respectively.

Theorem 3. Assuming that (A) and (B) are
correct. Under a reverse framework with unequal
probability sampling without replacement:

(d) The variance of the linear estimator is
defined by:

V(Y(l)) lelyl +Z Z DI]nyJ

il jieU

. (14

where Di:(1—7ri)7f1 Dij:(”ij_”i”j)(”i”j E
and Dy, =(1-;)(pr;) ™.

(b) The variance of the ratio estimator is
defined by:

V(\fr@))z%“ Dy (yi-¥)'+% X Dy(%-Y)(y,-Y)

iU jricU

(15)

(c) The general form of variance of the linear
estimator and the ratio estimator is defined by:

R T A S
%j}e:UDu( Yo)(y3 Vo)
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where Y =Y, if m = 2; otherwise Y,,=0.

The proof of Theorem 3 is given in the
Appendix.

Theorem 4. Assume that (A) and (B) remain
correct. Under a reverse framework with unequal
probability sampling without replacement:

The asymptotically unbiased estimator of
variance of the linear estimator, V(Y®), is
obtained by:

ies jries

{l{zﬁiqyiﬁz 3 Ijijrirjyiyj}, when p is known
P* Lies
Vi)

zil ies s jries
T

ies %

1n

where

(b) The asymptotically unbiased estimator of

variance of the ratio estimator, V(Y,?) | is
obtained by:

N

S
ies 7T

ies ies jies

V(Yr(z))—[r] [lei"i 7 —Yir)z +2 2 Byh (v, _Yir)rj (Y —Yir)}

(18)

where Nr:Zi and \{AF:Zm N, .

ies 7Tj ies ‘i

(c) The general form of variance estimator of
the linear estimator and the ratio estimator is
defined by:

- N2
VA(YAr(m)):[:\A\:i] [Zf)iri(yi_irm)z'*'z > [sijﬁ(yi_vrm)rj(yj_vrm)}
m les I€S J#les
(19)

1 2
[issTiJ {ZEXWFZ,Z Ijurlriy'yl}’ when p is unknown,

otherwise NmzN. I\]rm =1, ifm=1andpis

A r = 2
known; otherwise N, =>-—L.Y, =Y, if
iesﬂ-i

m=2; otherwise\?rm =0.

The proof of Theorem 4 is given in the
Appendix.

Simulation Study and Results

In this section we compared the efficiency of
the variance estimator of the linear estimator,
as defined in Equation (17), against the variance
estimator of the ratio estimator, as defined in
Equation (18), using a simulation study. We
considered 2 different unequal probability
samplings without replacement. The first one
is Midzuno’s (1952) scheme and the second is
a probability proportional to size systematic
scheme. The sampling methods are described
below:

Midzuno’s (1952) Scheme

Midzuno (1952) proposed a simple scheme
for unequal probability sampling without
replacement. Let ki, ieU denote the size of unit

I and wnere =K ilsteproalltyo
i and where P=k;/> K is th bability of
iU

selection of unit i. We note that, if P; is the
probability of selection of unit i, then 0<Pi<1,
i.e., ki>0forall icU. Berger (2005) stated that,
under unequal probability sampling, #; is a
function of k;, i.e. zi = f(k;) for all ieU where k;
is a non-negative value of size variable. Then,
a sample s with size n is selected using 2
different sampling methods. A unit sample is
selected by probability proportional to size and
then the rest of the samples with size n-1 are
selected from the population size N-1 by
simple random sampling without replacement
(SRSWOR). In this paper the simulation of
Midzuno’s (1952) sample is selected by
program R through the “UPmidzuno” command
(Tillé and Matei, 2009). Finally the first and
second order of inclusion probabilities for this
sampling scheme are given, respectively, by
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. PNn+n_1 d
TOUNCL )TN an
Nnnl n-1 n-2

P+P)
( )N—1N2N—1N2

Probability Proportional to Size Systematic
Scheme

Let Ti= 2 K; be the cumulative total and

j<ieU

{r+ Ic} be corresponding units where j =

1,2,...N; 1=0,1,2,...,(n-1), C=Zki/n andr
iU

represents a random number from 1 to c. The
sample is included with the wunit i if
Tia< r+lc<T;for some value of 1=0,1,2,...,(n-
1). In this paper the simulation of a systematic
sample is selected by program R through an
“UP systematic” command (Tillé and Matei,
2009). The first order of inclusion probabilities
must be also obtained by zi = nP; where

R=k; / _;ki .In addition, Hajek (1981) can solve
I

the second order of inclusion probabilities as
follows:

T R {l (I-7;)A-7; )(Z ﬂ'k(l—ﬂ'k)j_ }

Finally the variable y; is generated
following Thompson et al. (2010) defined by
y;=k{p+¢ . Insimulation the following steps

must be considered:
Step 1. In order to generate yi, we generate ki

~Gam(4,5), & ~N(0,0.7),and fo=0,51 =1
i=1,2,....Nwhere N =1,000.

Table 1.

The simulation relative bias of V (Y
proportional to size systematic schemes

Step 2. The samples S with size n = 100 and
300 are selected according to Midzuno’ s
(1952) scheme and the probability proportional
to size systematic scheme.

Step 3. Sample size n and non-response are
generated using a uniform  response
mechanism with a probability of response
p=0.7.

Step 4. Compute the estimator of variance of
the linear estimator as Equation (17) and of the
ratio estimator as Equation (18).

Step 5. Repeat steps (2) to (4) for 5,000 times
(M =5,000).

Step 6. The simulation relative bias of the

variance estimator V (Y™) s given by:

ESIM N (Y/\I’(m) )]_VSIM (Y,\I’(m))
VSIM (Y’\(m))

where ESIMNNr( :_Zv[r(J)] is

the simulated expectation of the variance
estimator and

2
Vsim (Yr(m))__ [Yr((”B SIM (Yr(m) )} is
the simulated variance of the estimator \fr(m) ,

12,  Egyu(Y™) is defined by

SIM (Y(m))_ Z_;-

RBSIM N Nr(m) =

m:

y (m)
r(j)

™) under Midzuno (1952) and a probability

Simulation Relative Bias

mplin ign n A G A3
mping fesio V() V(i)
Midzuno (1952) scheme 100 113.44 -23.59
300 87.55 -14.12
Probability proportional to size 100 164.80 19.40
systematic scheme 300 92.40 12.66
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Table 1 shows the simulation relative
bias of the variance estimators for both the
linear and ratio estimators under Midzuno
(1952) and the probability proportional to size
systematic schemes. The results show the
relative bias in the variance of the ratio
estimator to be a lot less than the variance of
the linear estimator for both schemes.

Conclusions

In this paper, linear and ratio estimators were
proposed for estimating population totals in
the presence of unit nonresponse. We have also
proposed a general form of the variance and
the estimated variance of the proposed
estimators. We find a new way of estimating
variance under a reverse framework when unit
nonresponse occurs in the study. It is assumed
that the sampling fraction is negligible under
unequal  probability sampling  without
replacement while response probability is
equal for all units leading to neither known nor
estimated response probabilities for the
variance of the ratio estimator. In theory, we
proved that the estimator of variance of the
linear and ratio estimators are asymptotically
unbiased while the simulation’s relative bias
showed that the ratio estimator was more
efficient than the linear estimator.
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Appendix

Proof of Theorem 3

Recall from Equation (12) that the
variance of the linear and the ratio estimators
can be derived from:

V(Y ™)~ ZDE (Zm.)+2 2 DyEr(Z1)Er (o),
U jrieU
(A1)

Ly N _
Zli :%’ ZZi :N_rrl (y| _Yr)’

N =2r,
iU

First of all, we note that ri2=ri.

where and

From

Equation (A1), if m = 1 we have the variance
of the linear estimator which is given by:

V(Y(l)) ZDE (le)+2 Z DIJE (le)E (le)

iel jzieU

(A2)

Recall from Equation (Al)that we have
2

:ﬁ; therefore, Er(zi) = yi and ER(Zfi)=y—|[iJ
p

1i

Substitute Er(zy) and Eq(z3) into Equation
(A2) and we have:

V)~ 30 yF;+z > DY,

iU jzieU
_lelyl +z Z Dljylyj
iU j#ielU , (AS)
where Dy = Dip™.

(b) The proof of (b) is similar to (a) and it is
obtained by:

\7)2+Z > D; (Yi

icU jricU

V)(y;-Y)

(Ad)

\Y (YAr(Z) ) “% Dj (Yi -

(c) From Equations (A3) and (A4) we may
write,

Vm)2+Z > D (yi Vo

il jricU

VNr(m))z%Dli(yi_ )(yj _Vm)’

(Ad)

where Y, =Y , if m = 2; otherwise Y,,=0.
Proof of Theorem 4

By using Equations (2) and (10) under
unequal  probability sampling  without

replacement, V (YAr(m)) can be estimated by:
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V(Y(m)) ZDu m.+2 Z Du mi mj (B1) —ERE{Z(1 )|, ry2+y Z i JI,IJr,r]y,y}
ies ies j#ies iU ﬂi iU j#icU ”|J”|”J
5 _ Vi Sy N s 1-7)Eq (I
Wwhere, le_T 2y = N r-i(yi_Yr)l Nr_é_i, zZ—( I)ZS( I)ER(rl)y|2+
r ieU 7Z'i
g 0/ R -2 TG T T
Y= N;, D=(1-7)z ", and > Z Es (L)) Er (i) ViY;
ies ‘i iU j=ieU |j7[|7[1
Dij :(”ij _”i”j)(”ij”iﬂj
1 .
_ _ Z( T sy v ST ey
(b) Assume p is known. From Equation (B1), wt iU j#ieU ”u”l”J
if m=1 we have Z; =i therefore A-m)
p ’ Z py2+y, ¥ TR 2 Yi¥j
(1) i iU jzieU ﬂ-iﬂ-j
V(Y )= |Zs:D21|+|Zs: ;SDljzllzlj ’
j Ty Therefore,
-yD, Dy D ')[ ) "j
gs: p Ejges ”( p p E E ZDyI +ZZDIJI]yiij
ies I€S]¢I€S
ZD iYi +Z Z DIJ i ]yl :| _ (1_7zi) ]
|:IES ies j#ies . (BZ) _.Z : py| |§ JEU iﬂ_J p y|y]
From Equation (B2), the overall (B4
expectation of V(YAr(l)) is obtained by: Substitute Equation (B4) into Equation
(B3) and we have,
E[V (V) [EREs [V (/)R] @)
; l 1 _Z . Py’ +
E VN(l)) o |1V i
1 r 2 TCi =70 7T ;
—E —ISD v+ D.r R p o/ et lag I AT
| {2007+ 3 By 7 > 5 BTy

ieU j=ieU

Z Z DI]nyJ

(B3) ieU j=icU

LeE {z 25 Y By,

ies ies j#ies

R:| _z p yl +z Z Dljylyj lelyl

(YD
To find ERE [ZDY, +> ¥ Dyf; inyj‘R} =V(Y,”)

1es ies j#ies

in Equation (B3), 7y /
in Equation (B3) Therefore, E[V(Yr(l))]zV(Yr(l)); in

N A PV DY - .
ELEq |:2Di yiz Y Dijrirj VY, R} the other words, V(Yr ) is an asymptotically

ies ies j#ies

unbiased estimator of V (YAr(l)) )
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(¢) The proof of (¢) is similar to (b) and it is
obtained by:

1 2
V(Yr(l)) |:ZDi yl +Z Z DI] i jyl :|
i ies ies j#ies
S
(B5)

(d) The proof of (d) is similarto (b) and itis
given by:

2 S ~ o S
\;(YAr(Z))_[Nr] ‘:lelrl (Y| _Yr)2+z Z Du i (y| _Yr)rj (y] _Yr)}
Zj les €S J#les

(B6)

(e) From Equations (B3), (B5), and (B6), the
general form of variance estimator of the linear
estimator and the ratio estimator are defined

by:

V()= [N ][ZD W) 15 5 By =Y, (v, m],
m les |€S]2|ES
(B7)

where N =1 if m = 1and p are known, and

z—lfmz

IES

1 and p are unknown;

otherwise Nm =N . Nrm =1 ifm=1andpare
known; otherwise Nrm =S-L oy -y
ies

= 2; otherwise Y,,,=0.
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