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Abstract 

In this paper we propose 2 estimators for estimating a population total under unequal 

probability sampling without replacement, a linear and a ratio estimator.  We show in 

theory that the linear estimator is an unbiased estimator and the latter is an asymptotically 

unbiased estimator.  We propose a general form of the variance, and also an estimator of 

the variance in this paper considered under the reverse framework and only when the 

sampling fraction is negligible.  We can show in theory that the variance estimators of the 

proposed estimators are asymptotically unbiased.  A simulation study has been conducted 

to ascertain the performance of the proposed estimators. 

 

Keywords: Probability proportional to size sampling, first and second order inclusion 

 probability, sampling fraction, reverse framework 

Introduction 

Nonresponse usually occurs in sample surveys 

due to a failure to collect data.  Unit and item 

nonresponses are currently defined types of the 

nonresponse.  It is called a unit nonresponse if 

the selected sample elements do not provide 

the requested information, while in contrast it 

is called an item nonresponse when sample 

elements participate in the survey but refuse to  

 

 

 

 
 

answer specific portions of the survey 

questions for any reason, known or otherwise.  

Shao and Steel (1999)  stated that variance 

estimation is a key element in analyzing survey 

data and subsequently a lot of research has 

been conducted under the presence of 

nonresponse with technical countermeasures 

in place to overcome it using the most  
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appropriate variance estimators.  At present, a 

two- phase framework provides the basis for 

development of the most well-known variance 

of population total estimator ( Särndal, 1992; 

Deville and Särndal, 1995; Kajal, 2014) and it 

views nonresponse as the second- phase of 

selection. In literature covering the two-phase 

framework developments, Särndal and Lundström 

( 2005)  proposed an estimator extending the 

estimator of Horvitz and Thompson (1952) into 

a two- phase framework, multiplying inverse 

response probability.  
The Särndal and Lundström (2005) 

estimator requires known response probabilities; 

however, they are not always known in 

practice.  Therefore, Lawson (2017)  proposed 

an asymptotically unbiased estimator for the 

population total without any known or 

estimated response probabilities and it worked 

under a reverse framework.  This framework 

was first introduced by Fay (1991)  who 

proposed reversing the order of sampling and 

response. Lawson’s (2017) stimator is proposed 

under unequal probability sampling with 

probability proportional to size with replacement 

( PPSWR)  and when a sampling fraction is 

negligible.  Usually the variance of a population 

total estimator under sampling with replacement 

is larger than sampling without replacement. 

Therefore, in this paper, we focus on 

estimating the variance of the population total 

in the presence of unit nonresponse under 

unequal probability sampling without replacement. 

For simplicity we suppose that the response 

probability is constant.  In section 2 we set out 

a formal framework and proposed population 

total estimators and their associated variances. 

In Section 3, the performance of the variance 

estimators of our proposed estimators are 

studied in a simulation study.  Finally, some 

concluding comments are given in Section 4. 

Materials and Methods 

Basic Setup Under Reverse Framework 

Let U =  {1,2,… ,i,… ,N} be a finite 

population, N be the size of U, and y be a study 

variable. Subsequently, the population total of 

y can be denoted as i
i U

Y y


= . Let n denote the 

total number of elements in sample S, selected 

according to unequal probability sampling 

without replacement, and nr denote the total 

number of respondents in response sample r.  

Under unequal probability sampling 

without replacement e.g., with probability 

proportional to the sample size without 

replacement, probability proportional to size, 

systematic sampling, or the Midzuno (1952) 

scheme, let πi and πij denote the first and 

second order of inclusion probabilities defined 

by πi =  P( is)  and πij =  P( ijs) ; i, j = 

1,2,… ,N.  Let us define a random variable Ii 

where Ii = 1 , if is; otherwise Ii = 0. 

Let Es (.) and Vs (.) denote the expectation 

and variance operators respective to unequal 

probability sampling without replacement. 

Under nonresponse, let subscript R denote the 

nonresponse mechanism and ri denote the 

response indicator variable of yi where ri = 1, if 

yi is observed; otherwise ri = 0. 

Let pi denote the response probability as 

defined by pi = P(ri = 1).We assume that pi = p 

for all units in U. Let ER(.) and VR(.) denote the 

expectation and variance operators with 

respect to the nonresponse mechanism.  We 

assume that the sampled units respond to item 

y independently of each other with probability 

p. Hence, ER(ri) = P(ri = 1) = p, VR(ri) = p(1-p) 

and ER(rirj) = ER(ri)ER(rj) = p2. Let, E, V denote 

the overall expectation and variance operators. 

Finally, we assume that the sampling fraction 

is negligible. 

 

Variance Estimation Under Reverse 

Framework 

Reverse framework was first introduced 

by Fay (1991), who reversed the order of 

sampling and response (Shao and Steel, 1999; 

Lawson, 2017; Lawson and Ponkaew, 2019) . 

In this framework, the variance of the 

population total estimator Ŷ is defined by 

ˆ ˆ ˆ( ) ( | ) ( | ),R S R SV Y E V Y V E Y= +R R  where R = 

( r1,r2,… ,rN) ′  is the vector of response 

indicators.  However, if the sampling fraction  

f =  n/ N is negligible, the second component 

may be omitted.  Therefore, under the reverse 
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framework with a negligible sampling 

fraction, the variance of Ŷ  can be derived by: 

 

ˆ ˆ( ) ( | ).R SV Y E V Y R  (1) 

 

To estimate ˆ( | )RR SE V Y  in Equation (1), 

we use the same procedure that we used to 

estimate ˆ( | ).SV Y R  Let ˆ
SV  be such that 

ˆ( | )RS SE V ˆ( | )RSV Y=  is consequently the 

overall expectation obtained by ˆ |RSE V 
 

ˆ( | )RR S SE E V =  
ˆ( | )RR SE V Y =   .  

Therefore, ˆ( )V Y  can be estimated by: 

 

ˆ ˆ ˆ ˆ( ) ( | ).SV Y V Y= R  (2) 

 

The Proposed Estimators 

In this section, we propose 2 estimators 

for estimating population totals under unequal 

probability sampling without replacement. The 

first one is a linear estimator and the second 

one is a ratio estimator.  The ratio estimator 

requires neither known nor estimated response 

probability under a reverse framework with a 

negligible sampling fraction.  In the following 

development we assume that (A) pi = p. for all 

iU and (B)  sampling fraction 
n

f
N

=  is 

negligible. 

 

The Linear Estimator 

In the case of full response, the Horvitz 

and Thompson (1952) estimator, as originally 

discussed by them, has been used to estimate 

the population total.  The Horvitz and 

Thompson (1952) estimator is defined by 

ˆ i

i s i

y
Y 

=
. 

In the presence of nonresponse, the 

estimator must deal with responding elements 

(Bethlehem, 1988). Therefore, Särndal and 

Lundström (2005) proposed an unbiased 

estimator of population total based on Horvitz 

and Thompson’s (1952) estimator along with a 

set of respondents assessed under a two-phase 

framework defined by 
ˆ

r

i

i s i i

y
Y

p

=  where Sr is a 

set of respondents, under a two- phase 

framework.  They also discussed a method for 

investigating the variance and the estimated 

value of the variance of the proposed estimator 

under a two- phase framework.  The variance 

estimator is also an unbiased estimator.  

In this paper, we extended Särndal and 

Lundström’s (2005) estimator to include a 

reverse framework for unequal probability 

sampling without replacement and called it a 

linear estimator. Under the reverse framework, 

the linear estimator is defined by: 

 

(1)ˆ i i
r

i s i i

r y
Y

p

=
, (3) 

 

where πi denotes the first order of inclusion 

probabilities under unequal probability 

sampling without replacement. For simplicity, 

we assume that pi = p for all units in U. Then:  

 

(1)ˆ i i
r

i s i

r y
Y

p

=
, (4) 

 

where πi is defined in Equation (3). However, 

if p is unknown, we can estimate p by 

1
ˆ i

i s i si i

r
p

  

=  . Therefore the linear estimator 

is defined by (1)ˆ
ˆ

i i
r

i s i

r y
Y

p

= . 

 

Theorem 1.  Assume that assumption ( A)  is 

correct.  Under the reverse framework and 

unequal probability sampling without 

replacement, the linear estimator (1)ˆ
rY  is an 

unbiased estimator of Y. 
 

Proof. From (4) we have, 
(1)ˆ i i

r
i s i

r y
Y

p

= . 

The overall expectation of 
(1)ˆ

rY  given R, 

is obtained by: 

(1) (1)ˆ ˆ( ) ( | ) i i
r R S r R S

i s i

r y
E Y E E Y E E

p

 
= =  

 
  R   R  
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( ) ( )
.R i i S i i i i i

i U i U i Ui i i

E r y E I py py
Y

p p p

 

    

= = = =      

 

Then, 
(1)ˆ( ) .rE Y Y=  Therefore, (1)ˆ

rY  is an 

unbiased estimator of Y.  

 

2) The Ratio Estimator 

From Equation (4)  it is obvious that the 

linear estimator requires a known response 

probability.  However, response probabilities 

are not always known in practice.  Therefore 

Lawson (2017) proposed an alternative 

estimator for solving the unknown response 

probability under PPSWR sampling.  In this 

section, we extend Lawson’s (2017) estimator 

to include unequal probability sampling 

without replacement and call it a ratio 

estimator. Under unequal probability sampling 

without replacement the ratio estimator for 

estimating the population mean is defined by 

(2)ˆ i i i
r

i s i si i

r y r
Y

  

=  .  Consequently the ratio 

estimator for estimating the population total is: 

 

(2) (2)ˆˆ .i i i
r r

i s i si i

r y r
Y NY N

  

= =    (5) 

 

Theorem 2.  Assuming that assumption (A)  is 

correct.  Under a reverse framework with 

unequal probability sampling without 

replacement, the ratio estimators (2)ˆ
rY  and 

(2)ˆ
rY  are asymptotically unbiased of Y  and Y, 

respectively. 

 

Proof. The proof is similar to Lawson (2017). 

 

Estimated Variance and the Proposed 

Variance Estimators 

In this section we propose 2 general 

forms of variance estimator, a linear and ratio 

estimator both under unequal probability 

sampling without replacement.  First, we 

investigate the variance of the linear estimator. 

From Equations (1) and (4) the variance of the 

linear estimator is obtained by: 

(1) (1)ˆ ˆ( ) ( | )R Ri i
r R S r R S

i s i

r y
V Y E V Y E V

p

 
 =  

 


1 Ri
R S

i s i

z
E V



 
=  

 


, (6) 

 

where
1 .i i
i

r y
z

p
=  Next, we investigate the 

variance of the ratio estimator. From Equations 

(1)  and (5)  the variance of the ratio estimator 

is obtained by: 

 

(2) (2) (2)ˆˆ ˆ( ) ( | ) ( | ).r R S r R S rV Y E V Y E V NY =R R   (7) 

 

From Equation ( 7)  we can see that 

(2) 2 (2)ˆ ˆ
( | ) ( | ).S r S rV NY N V Y=R R  However, 

(2)ˆ
rY  is a form of ratio estimator; hence, its 

variance can be derived by using Taylor’ s 

linearization approach (Lawson (2017) .  Under 

this method, the linear estimator of 
(2)ˆ

rY  can 

be obtained by (2) 1ˆ
( )i

r r i r
i si i

i U

r
Y Y y Y

r 


 + −


,  

where 
r i i i

i U i U

Y r y r
 

=  . Therefore, 

 

(2) 2 (2)ˆ ˆ
( | ) ( | )R RS r S rV NY N V Y=

 
 

2 1
( ) Ri

S r i r
i si i

i U

r
N V Y y Y

r 


 
  + −
 
 




( ) Ri
S i r

i s i i
i U

r N
V y Y

r


 
 = −
 
 




 

2 Ri
S

i s i

z
V



 
=  

 


, (8) 

 

where 2 ( )i i i r
i

i U

N
z r y Y

r


= −


.  Substitute Equation 

(8) into Equation (7),  
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(2) 2ˆ( ) Ri
r R S

i s i

z
V Y E V



  
   

  


. (9) 

 

From Equations (6) and (9) the variance 

of the linear estimator and ratio estimator may 

be written as: 

 

( )ˆ( ) R
m mi

r R S
i s i

z
V Y E V



 
  

 


, (10) 

 

where 1
i i

i

r y
z

p
= , 2 ( )i i i r

r

N
z r y Y

N
= − , and 

r i
i U

N r


= .  

 

From Equation (10)  we see that mi

i s i

z



  

has the same form as Horvitz and Thompson’s 

( 1952)  estimator.  Therefore, the sampling 

variance of mi

i s i

z



  given R is defined by: 

2
Rmi

S i mi ij mi mj
i s i U i U j i Ui

z
V D z D z z

   

 
= + 

 
   

 (11) 

 

Substitute Equation ( 11)  into Equation 

(10) and we have, 

 

( )ˆ( ) |Rm mi
r R S

i s i

z
V Y E V



 
  

 


2
R i mi ij mi mj

i U i U j i U

E D z D z z
  

 = +
  
  

 
2( ) ( ) ( )i R mi ij R mi R mj

i U i U j i U

D E z D E z E z
  

= +  
.  

 

Then, the variance of linear and ratio 

estimators can be derived from: 

 
( ) 2ˆ( ) ( )

( ) ( )

m
r i R mi

i U

ij R mi R mj
i U j i U

V Y D E z

D E z E z


 

 +

      
, (12) 

 

where Zmi  and m = 1, 2 are defined in Equation 

(10). 

Furthermore, by using Equations (2),  

(10), and (11), the general form of variance 

estimator of the linear and ratio estimators for 

estimating population total is obtained by:  

 
( ) 2ˆ ˆ ˆ ˆˆ ˆ ˆ( )m

r i mi ij mi mj
i s i s j i s

V Y D z D z z
  

 +  
, (13) 

 

where 
1̂

i i
i

r y
z

p
= , 2

ˆ
( )

ˆi i i r

r

N
z r y Y

N
= − , ˆ ,i

r
i s i

r
N



=  

ˆ ˆi i
r r

i s i

r y
Y N



=
,

2ˆ (1 )i i iD   −= −
 and  

1ˆ ( )( )ij ij i j ij i jD       −= −
. 

 

Next, we investigate the variances of the 

proposed estimators and discuss in Theorem 3 

and Theorem 4, respectively. 

 

Theorem 3.  Assuming that (A)  and (B)  are 

correct. Under a reverse framework with unequal 

probability sampling without replacement:  

 

(a) The variance of the linear estimator is 

defined by: 

 
(1) 2

1
ˆ( )r i i ij i j

i U i U j i U

V Y D y D y y
  

 +  
, (14) 

 

where 1 1(1 ) ( )( ) ,i i ij ij i j i jD D      − −= − = − 

1
1and (1 )( ) .i i iD p  −= −  

 

(b) The variance of the ratio estimator is 

defined by: 

 

( ) ( )( )
2(2)

1
ˆ( )r i i ij i j

i U i U j i U

V Y D y Y D y Y y Y
  

 − + − −  
.

 (15) 

 

(c) The general form of variance of the linear 

estimator and the ratio estimator is defined by: 

 

 
( )

( )( )

2( ) (1 )1ˆ( )m i
r i m

i U i

ij i m j m
i U j i U

V Y y Y
p

D y Y y Y





 

−
 − +

− −



     

, (16) 
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where 
mY Y= , if m = 2; otherwise 0mY = . 

 

The proof of Theorem 3 is given in the 

Appendix. 

 

Theorem 4.  Assume that (A)  and (B)  remain 

correct. Under a reverse framework with unequal 

probability sampling without replacement:  

 

The asymptotically unbiased estimator of 

variance of the linear estimator, (1)ˆ( )rV Y , is 

obtained by: 

 
2

2

(1)
2

2

1 ˆ ˆ , when is known

ˆ ˆ( )
1

ˆ ˆ , when is unknown,

i i i ij i j i j
i s i s j i s

r

i s i
i i i ij i j i j

i s i s j i si

i s i

D r y D r r y y p
p

V Y

D r y D r r y y p
r





  



  



  
+  

 



= 
    +      
 
 

  


  



   

   

 

 (17) 

 

where 
2 1ˆ ˆ(1 ) a d ) )n ( ( .i i i ij ij i j ij i jD D       − −= − = −   

 

( b)  The asymptotically unbiased estimator of 

variance of the ratio estimator, 
(2)ˆ( )rV Y , is 

obtained by: 

 
2

(2) 2ˆ ˆ ˆˆ ˆ ˆ ˆ( ) ( ) ( ) ( ) ,r i i i r ij i i r j j r
i s i s j i si

i s i

N
V Y D r y Y D r y Y r y Y

r


  



 
= − + − −     
 

  


 

 (18) 

 

where ˆˆ ˆ .andi i i
r r r

i s i s ii

r r y
N Y N

 

= =    

 

( c)  The general form of variance estimator of 

the linear estimator and the ratio estimator is 

defined by: 
2

( ) 2
ˆ

ˆ ˆ ˆˆ ˆ ˆ ˆ( ) ( ) ( ) ( )
ˆ

m m
r i i i rm ij i i rm j j rm

i s i s j i srm

N
V Y D r y Y D r y Y r y Y

N   

  
= − + − −    

  

. (19) 

 

where ˆ 1mN = , if m =  1 and p is known, and 

1ˆ
m

i s i

N


=
, if m =  1 and p is unknown; 

otherwise ˆ ˆ. 1,m rmN N N= =  if m =  1 and p is 

known; otherwise
ˆ ˆˆ . ,i

rm rm r
i s i

r
N Y Y



= =  if  

m = 2; otherwise ˆ
0.rmY =  

 

The proof of Theorem 4 is given in the 

Appendix. 

Simulation Study and Results 

In this section we compared the efficiency of 

the variance estimator of the linear estimator, 

as defined in Equation (17), against the variance 

estimator of the ratio estimator, as defined in 

Equation (18), using a simulation study.  We 

considered 2 different unequal probability 

samplings without replacement.  The first one 

is Midzuno’s (1952) scheme and the second is 

a probability proportional to size systematic 

scheme.  The sampling methods are described 

below: 

 

Midzuno’s (1952) Scheme  

Midzuno (1952) proposed a simple scheme 

for unequal probability sampling without 

replacement. Let ki, iU denote the size of unit 

i and where i i i
i U

P k k


=  is the probability of 

selection of unit i.  We note that, if Pi is the 

probability of selection of unit i, then 0<Pi<1, 

i.e., ki > 0 for all iU. Berger (2005) stated that, 

under unequal probability sampling, πi is a 

function of ki, i.e. πi = f(ki) for all iU where ki 

is a non-negative value of size variable. Then, 

a sample s with size n is selected using 2 

different sampling methods.  A unit sample is 

selected by probability proportional to size and 

then the rest of the samples with size n-1 are 

selected from the population size N- 1 by 

simple random sampling without replacement 

(SRSWOR). In this paper the simulation of 

Midzuno’s (1952) sample is selected by 

program R through the “UPmidzuno” command 

(Tillé and Matei, 2009). Finally the first and 

second order of inclusion probabilities for this 

sampling scheme are given, respectively, by 
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1

1 1i i

N n n
P

N N


− − 
= + 

− − 
 and 

( )
1 1 2

1 2 1 2ij i j

N n n n n
P P

N N N N


− − − −
= + +

− − − − . 

 

Probability Proportional to Size Systematic 

Scheme 

Let i j
j i U

T k


=  be the cumulative total and 

{r+ lc} be corresponding units where j = 

1,2,…,N ;  l = 0,1,2,…,(n-1), i
i U

c k n


=  and r 

represents a random number from 1 to c.  The 

sample is included with the unit i if  

Ti-1 < r+lc < Ti for some value of l = 0,1,2,…,(n-

1). In this paper the simulation of a systematic 

sample is selected by program R through an 

“UP systematic”  command (Tillé and Matei, 

2009). The first order of inclusion probabilities 

must be also obtained by πi =  nPi where 

i i i
i U

P k k


=  .In addition, Hájek (1981) can solve 

the second order of inclusion probabilities as 

follows: 

 
1

1 (1 )(1 ) (1 ) .ij i j i j k k
k U

      
−



  
 − − − −  

  


  
 

Finally the variable yi is generated 

following Thompson et al. (2010) defined by 

βi i iy k = + .  In simulation the following steps 

must be considered: 

 

Step 1.  In order to generate yi, we generate ki 

 Gam(4,5), i  N(0,0.7), and β0 = 0, β1 = 1,  

i = 1,2,…,N where N = 1,000. 

Step 2. The samples S  with size n = 100 and 

300 are selected according to Midzuno’ s 

(1952)  scheme and the probability proportional 

to size systematic scheme.  

 

Step 3 .  Sample size n and non- response are 

generated using a uniform response 

mechanism with a probability of response  

p = 0.7. 

 

Step 4 .  Compute the estimator of variance of 

the linear estimator as Equation (17) and of the 

ratio estimator as Equation (18). 

 

Step 5. Repeat steps (2) to (4) for 5,000 times 

(M = 5,000). 

 

Step 6 .  The simulation relative bias of the 

variance estimator ( )ˆ( )m
rV Y is given by:  

 
( ) ( )

( )

( )

ˆ ˆ ˆ[ ( )] ( )ˆ ˆ[ ( )]
ˆ( )

m m
m SIM r SIM r

SIM r m
SIM r

E V Y V Y
RB V Y

V Y

−
=

, 

where 
( ) ( )

( )
1

1ˆ ˆ ˆ ˆ[ ( )].
M

m m
SIM r r j

j

E V Y V Y
M =

 =    is 

the simulated expectation of the variance 

estimator and 
2

( ) ( ) ( )
( )

1

1ˆ ˆ ˆ( ) ( )
1

M
m m m

SIM r r j SIM r
j

V Y Y E Y
M =

 = − −
  is 

the simulated variance of the estimator ( )ˆ m
rY , 

m =  1,2,.  
( )ˆ( )m

SIM rE Y  is defined by 

( ) ( )
( )

1

1ˆ ˆ( )
M

m m
SIM r r j

j

E Y Y
M =

= 
. 

Table 1.  The simulation relative bias of 
( )ˆ( )m

rV Y  under Midzuno ( 1952)  and a probability 

 proportional to size systematic schemes 

 

Sampling design n  

Simulation Relative Bias 

(1)ˆ ˆ( )rV Y
 

(2)ˆ ˆ( )rV Y
 

Midzuno (1952) scheme 100 113.44 -23.59 

300 87.55 -14.12 

Probability proportional to size 

systematic scheme 

100 164.80 19.40 

300 92.40 12.66 
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Table 1 shows the simulation relative 

bias of the variance estimators for both the 

linear and ratio estimators under Midzuno 

(1952) and the probability proportional to size 

systematic schemes.   The results show the 

relative bias in the variance of the ratio 

estimator to be a lot less than the variance of 

the linear estimator for both schemes.  

Conclusions 

In this paper, linear and ratio estimators were 

proposed for estimating population totals in 

the presence of unit nonresponse. We have also 

proposed a general form of the variance and 

the estimated variance of the proposed 

estimators.   We find a new way of estimating 

variance under a reverse framework when unit 

nonresponse occurs in the study. It is assumed 

that the sampling fraction is negligible under 

unequal probability sampling without 

replacement while response probability is 

equal for all units leading to neither known nor 

estimated response probabilities for the 

variance of the ratio estimator.  In theory, we 

proved that the estimator of variance of the 

linear and ratio estimators are asymptotically 

unbiased while the simulation’ s relative bias 

showed that the ratio estimator was more 

efficient than the linear estimator. 
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Appendix 

Proof of Theorem 3 

Recall from Equation (12) that the 

variance of the linear and the ratio estimators 

can be derived from: 

 
( ) 2ˆ( ) ( ) ( ) ( ),m

r i R mi ij R mi R mj
i U i U j i U

V Y D E z D E z E z
  

 +  

  (A1) 

where 1 2, ( ),i i
i i i i r

r

r y N
z z r y Y

p N
= = −  and 

r i
i U

N r


=
.  

First of all, we note that 
2

i ir r= .  From 

Equation (A1), if m = 1 we have the variance 

of the linear estimator which is given by: 

 
(1) 2

1 1 1
ˆ( ) ( ) ( ) ( ).r i R i ij R i R j

i U i U j i U

V Y D E z D E z E z
  

 +    

 (A2) 

 

Recall from Equation (A1) that we have 

1 ;i i
i

r y
z

p
=  therefore, ER(z1i) = yi and 

2
2
1( ) .i

R i

y
E z

p
=

Substitute ER( z1i)  and 2
1( )R iE z into Equation 

(A2) and we have: 

 
2

(1)ˆ( ) i
r i ij i j

i U i U j i U

y
V Y D D y y

p  

 +  

2
1i i ij i j

i U i U j i U

D y D y y
  

= +  
,  (A3) 

 

where D1i = Di p-1.  

 

(b)  The proof of (b)  is similar to (a)  and it is 

obtained by: 

 

( ) ( )( )
2(2)

1
ˆ( ) .r i i ij i j

i U i U j i U

V Y D y Y D y Y y Y
  

 − + − −    

 (A4)   

 

( c)  From Equations (A3)  and (A4)  we may 

write, 

 

( ) ( )( )
2( )

1
ˆ( ) ,m
r i i m ij i m j m

i U i U j i U

V Y D y Y D y Y y Y
  

 − + − −    

 (A4) 

 

where mY Y= , if m = 2; otherwise 0mY = . 

 

Proof of Theorem 4 

By using Equations (2)  and (10)  under 

unequal probability sampling without 

replacement, 
( )ˆ( )m

rV Y  can be estimated by: 



 

 

301 Suranaree J. Sci. Technol. Vol. 26 No. 3; July - September 2019 

( ) 2ˆ ˆ ˆ ˆˆ ˆ ˆ( )m
r i mi ij mi mj

i s i s j i s

V Y D z D z z
  

 +   , (B1) 

 

where,
1 2

ˆ ˆˆ , ( ), ,
ˆ

i i i
i i i i r r

i s ir

r y rN
z z r y Y N

p N 

= = − =  

2ˆ ˆ ˆ, (1 )i i
r r i i i

i s i

r y
Y N D  


−



= = −  ,  and  

1ˆ ( )( )ij ij i j ij i jD       −= −
. 

 

(b) Assume p is known. From Equation (B1), 

if m = 1 we have 1̂
i i

i

r y
z

p
= ; therefore, 

(1) 2
1 1 1

ˆ ˆ ˆ ˆˆ ˆ ˆ( )r i i ij i j
i s i s j i s

V Y D z D z z
  

 +  

2

2
ˆ ˆ j ji i i i

i ij
i s i s j i s

r yr y r y
D D

p pp  

  
= +   

  
  

 
 

2

2

1 ˆ ˆ
i i i ij i j i j

i s i s j i s

D r y D r r y y
p   

 
= + 

 
  

. (B2) 

 

From Equation (B2), the overall 

expectation of 
(1)ˆ ˆ( )rV Y is obtained by: 

 
(1) (1)ˆ ˆ ˆ ˆ( ) ( )|Rr R S rE V Y E E V Y        

 

2

2

1 ˆ ˆ RR S i i ij i j i j
i s i s j i s

E E D y D r r y y
p   

  
= +  

  
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2

2

1 ˆ ˆ RR S i i ij i j i j
i s i s j i s

E E D y D r r y y
p   

 
= + 

 
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.

 (B3) 

 

To find 
2ˆ ˆ RR S i i ij i j i j

i s i s j i s

E E D y D r r y y
  

 
+ 

 
    

in Equation (B3), 
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py p y y
   
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−−
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i i j
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    

−−
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Therefore,  

2ˆ ˆ RR S i i ij i j i j
i s i s j i s

E E D y D r r y y
  

 
+ 
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2 2(1 )
.

ij i ji
i i j

i U i U j i Ui i j

py p y y
  
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 (B4) 

 

Substitute Equation ( B4)  into Equation 

(B3) and we have, 
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2
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2 2
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i
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i U i U j i U i U

ij i j
i U j i U

D
y D y y D y

p
D y y
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 
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(1)ˆ( )rV Y=

. 

 

Therefore, 
(1) (1)ˆ ˆ ˆ( ) ( )r rE V Y V Y   ; in 

the other words, 
(1)ˆ ˆ( )rV Y  is an asymptotically 

unbiased estimator of 
(1)ˆ( )rV Y .  
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(c)  The proof of (c)  is similar to (b)  and it is 

obtained by: 

 
2

(1) 2

1

ˆ ˆ ˆ ˆ( ) .i s i
r i i i ij i j i j

i s i s j i si

i s i

V Y D r y D r r y y
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 
   
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 
 


  



(B5) 

 

(d)  The proof of (d)  is similar to (b)  and it is 

given by: 
2

(2) 2ˆ ˆ ˆˆ ˆ ˆ ˆ( ) ( ) ( ) ( ) .r i i i r ij i i r j j r
i s i s j i si

i s i

N
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 (B6) 

 

(e) From Equations (B3), (B5), and (B6), the 

general form of variance estimator of the linear 

estimator and the ratio estimator are defined 

by: 

 
2

( ) 2
ˆ

ˆ ˆ ˆˆ ˆ ˆ ˆ( ) ( ) ( ) ( ) ,
ˆ
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r i i i rm ij i i rm j j rm
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 (B7) 

 

where ˆ 1mN =  if m =  1 and p are known, and 

1ˆ
m

i s i

N


=  if m =  1 and p are unknown; 

otherwise ˆ
mN N= . ˆ 1rmN =  if m = 1 and p are 

known; otherwise ˆ i
rm

i s i

r
N



= .  ˆ ˆ
rm rY Y=  if m 

= 2; otherwise 
ˆ

0rmY = . 
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