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Abstract

The purpose of this paper is to introduce the notion of a I'-primary ideals in I'-AG-groupoids, and
I'-ideals, I'-primary ideals, and quasi I'-primary ideals in I'-AG-groupoids are studied. Some
characterizations of I'-primary and quasi I'-primary ideals are obtained. Moreover, the relationships
between I'-primary and quasi I'-primary ideals in I'-AG-groupoids are investigated. Finally,
the necessary and sufficient conditions of a I'-primary ideal to be aquasi I'-primary ideal in

I'-AG-groupoids are obtained.
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Introduction

Abel-Grassmann’s groupoid (AG-groupoid)
is a generalization of semigroup theory with a
wide range of usages in the theory of flocks
(Naseeruddin, 1970). The fundamentals of
this non-associative algebraic structure were
first discovered by Kazim and Naseeruddin
(1972). A groupoid S is called an AG-groupoid
if it satisfies the left invertive law:

(ab)c = (cb)a

for a, b, ¢ & S all. This structure is closely
related with a commutative semigroup because
if an AG-groupoid contains a right identity,
then it becomes a commutative monoid
(Mushtaq and Yousuf, 1978). A left identity in
an AG-groupoid is unique (Mushtaq and

Yousuf, 1978). It lies between a groupoid
and a commutative semigroup with a wide
range of applications in the theory of flocks
(Naseeruddin, 1970). Ideals in AG-groupoids
have been discussed in Mushtaq and Yousuf
(1988). The nation of I'-semigroups was
introduced by Sen (1981). A groupoid S is
called a I'-AG-groupoid if it satisfies the left
invertive law:

(ayb)oc = (cyb)da
foralla, b, c,d € Sand y,0 € I' (Khan et al.,
2013). This structure is also known as a left
almost semigroup (LA-semigroup). In this

paper there are investigated some interesting
properties of newly discovered classes
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of I'-AG-groupoid S always satisfies the
I'-medial law:

(ayb)p(cod) = (ayc)B(bdd)

forall a, b, ¢, d € Sand vy, §, 6 € I' (Khan
et al., 2013), while a I'-AG-groupoid §
with a left identity e always satisfies the
I'-paramedial law:

(ayb)f(cod) = (dyc)p(boa)

forall a, b, c, d € Sand y, §, 0 € I' (Khan
et al., 2013). Recently Shah and Rehman,
(2010b) discussed I'-Iideals and I'-bi-ideals in
I'-AG-groupoids.

In this paper, the I'-AG-groupoids are
characterized and the relationships between
I'-primary and quasi I'-primary ideals in
I'-AG-groupoids are investigated.

Basic Results

In this section, reference is made to
Shah and Rehman, (2010a) for some elementary
aspects and to quote a few definitions and
examples which are essential to step up this
study. For more details, reference should be
made to the literature in the References.

Example 1. (Shah and Rehman, 2010a) (1). Let
S be an arbitrary AG-groupoid and I" any non-
empty set. Define a mapping S x I' x § — S;
by ayb = ab for all a, b € S and y € T.
It is easy to see that S is a I'~AG-groupoid.

(2). Let I = {1, 2, 3}. Define a mapping
Z, X T X Zi— 7 byayb =b—y —a forall
and a, b € Zand y € T where "-" is a usual
subtraction of integers. Then Z is a I'-AG-
groupoid.

Lemma 2. (Shah and Rehman, 2010a) Every
I'-AG-groupoid is I'-medial.

Lemma 3. (Shah and Rehman, 2010a) Let S
be a I'-AG-groupoid with a left identity, then
ay(bac) = by(aac) for all a, b, c € § and
y,a € T.

Definition 4. (Shah and Rehman, 2010a)
Let S be a I'-AG-groupoid. A non-empty
subset A of § is called a sub I'~AG-groupoid
of SIfAT A & A.

Definition 5. (Shah and Rehman, 2010a) A sub
I'-AG-groupoid A of S is called a left (right)
I'-ideal of S if STA S A and is called a
I'-ideal if it is a left as well as a right I'-ideal.

Lemma 6. (Shah and Rehman, 2013) If a
I'-AG-groupoid S has a left identity, then
every right I'-ideal is a left I'-ideal.

Lemma 7. (Shah and Rehman, 2013) If Ais a
left I'-ideal of a I'-AG-groupoid S with a left
identity, and if, for any a & S, there exists
y € I',then ay A is a left I'-ideal of S.

Lemma 8. (Shah and Rehman, 2013) If A is a
proper right (left) I'-ideal of a I'-AG-groupoid
S with a left identity e, then e & A.

I'-Iideals in I'-AG-groupoids

The results of the following lemmas
seem to play an important role in the study
of I'-AG-groupoids; these facts will be used
so frequently that normally no reference to
this lemma will be made.

Lemma 9. If S is a [-AG-groupoid with a left
identity, then ayb = afb for all ¢, b € S and

v, pET.

Proof. Let S be a I'-AG-groupoid and e be the
left identity of S, a, b € Sandlety, § € T;
therefore we have

ay(efb)
ey(efb)
= afb.

ayb

Hence, ayb.= afb.

Lemma 10. Let S be a I'-AG-groupoid with
a left identity, and let B be a left I'-ideal of S.
Then ATB={ayb:a = A, b & B,y & T}
is a left I'-ideal in S, where @ # A < §.

Proof. Suppose that § is a I'-AG-groupoid
with a left identity. Let B be a left I'-ideal of
S. Then,

ST (ATB) = AT (STB) < ATB.

By Ddefinition of a left I'-ideal, we get AI'B
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is a left I'-ideal in S.

Lemma 11. Let S be a I'-AG-groupoid with a
left identity and let ¢ & S. Then a?yS is a
I'-ideal in S, where y € T..

Proof. By Lemma 7, we have a?yS is a left
I'-ideal of S. Now consider

(a®yrjas = (syr)ad’
= da(rys)
= a*y(rys) € a*yS

forall r, s, € S and a & T. Therefore, a’yS
is a I'-ideal in S.

Lemma 12. Let S be a I'-AG-groupoid with a
left identity, and let A be a left I'-ideal of S.
Then (A : y :r) is a left I'-ideal in S, where
A:y:r)={a<s S:ryacA}.

Proof. Suppose that S is a I'-AG-groupoid.
Letse S,acs (A:y:r). Thenrya € A and
so that

ry (saa) = ro(sya) = sa(rya) € sa A S A

for all a € T'. Therefore, saa (A : y : r) so
that ST (A:y:r) S (A:y:r). Hence (A:y:
r)is aleft I'-ideal in S.

Remark Let S be a I'-AG-groupoid and let
A be a left I'- ideal of S. It is easy to verify
that AS (A:y:r).

Lemma 13. Let S be a I'-AG-groupoid with
left identity, and let A, B be left I'-ideals of
S. Then (A : T : B) is a I'-left ideal in S, where
(A:T:B)y={reS§:BI'rc A}.

Proof. Suppose that S is a I'-AG-groupoid.
Let s € S and leta € (A : T : B). Then
Bl'a € A so that

Ba(sya) = sa(Bya) < sa (BT'A) € saA S A

for all y, B € I'. Therefore, sya = (A : T : B)
so that ST(A : T" : B) < (A : I" : B). Hence,
(A:T :B)isaleft I'-ideal in S.

Remark Let S be a I'-AG-groupoid and
let A, B, C be left I'-ideals of S. It is easy to

verify that (A : T : C) < (A : T : B), where
B c C.

I-Primary Ideals in -AG-groupoids

When starting with the following
theorem that gives a relation between
I'-primary and quasi I'-primary ideals in a
I'-AG-groupoid, the starting point is the
following definition:

Definition 14. A I'-ideal P is called I'-primary
if AB < P implies that A < Por B < P
for some positive integer n, where A and B
are two left I'-ideals of S.

Definition 15. A left I'-ideal P is called a
quasi I'-primary if ATB © P implies that
A € Por B" < P for some positive integer n,
where A and B are two left I'-ideals of S.

Remark It is easy to see that every quasi
I"-primary ideal is I'-primary.

Lemma 16. If S is a ['-AG-groupoid with a
left identity, then a left I'-ideal P of S is a
quasi I'-primary if, and only if, ay(Sab) = P
implies that a € P or b" € P for some positive
integer n, where y, f € I'and q, b, € S.

Proof. Let P be a quasi ['-primary left ideal
of a I'-AG-groupoid § with a left identity.
Now suppose that ay(Spb)< P. Then, by
definition of a left I'-ideal, we get ST(ay
(Spb))< ST'P < P that is

ST(ay(Spb))

(S0S)(ay(Spb))
(50a)T(Sy(Spb))
(50a)T((STS)y(Spb))
(S0a)I'(bBS)y(STS))
(50a)T((bPS)y(S))
(50a)T(SpS)yb)

= (S0a)['(Syb)

for all & € T'. Then, (S0a)I'(S6b) = ay(SHb)
C P so that aS<{a) < P or a"<{a)" < P, for
some positive integer n. Conversely, assume
that if ay(SBb) < P implies that a = P or
b" € P for some positive integer n, where
y, B €T and a, b € S. Suppose that AT'B =
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P, where A and B are left I'-ideals of S such
that A & P. Then there exists x & A such that
x &€ P. Now

xy(Spy) < AI'(SIT'B) < ATB < P,

for all y € B. So by hypothesis, y" € P for all
y & B. implies that B" € P. Hence P is a quasi
I'-primary ideal in S.

Lemma 17. If S is a I'-AG-groupoid with a
left identity, then a left I'-ideal P of S is a
quasi I'-primary if, and only if, (Sya)o(Spb)
C P implies that a € P or b" & P for some
positive integer n, where y, 5, 6 € I' and q, b,
S

Proof. Let P be a quasi I'-primary ideal of a
I'-AG-groupoid S with left identity. Now
suppose that (Sya)o(SBb)SP. Then by
definition of a left ideal, we get

(Saa)d(SBb)

(SyS)o(apb)
So(afb)
ad(SPb)

that is ad(Spb) = (Sya)d(Spb) < P. By Lemma
16, we have a € P or b" € P for some
positive integer n. Conversely, assume that if
(Sya)o(Spb) < P, then a € P or b" & P for
some positive integer n, where v, 5, 6 € T
and a, b € S. Let ad(Spb) < P. Now consider

ad(SPb) = (Sya)d(SBb) < P.

By using the given assumption, if ad(Spb)
C P, then a & P or b" & P for some positive
integer n. Then by Lemma 16, we have P is a
quasi I'-primary ideal in S.

Theorem 18. If S is a I'-AG-groupoid with
a left identity, then a left I'-ideal P of S is a
quasi I'-primary if, and only if, ayb €P
implies that a €P or b" ©P for some positive
integer n, where y €I" and a, b, ES.

Proof. Let P be a left I'-ideal of a I'-AG-
groupoid S with a left identity. Now suppose

that ayb < P. Then, by Ddefinition of a left
ideal, we get

(Saa)B(Syb) (SaS)B(ayb)
SP(ayb)
STP

P.

nnn

By Lemma 17, we have a& P or b"EP for
some positive integer n. Conversely, the proof
is easy.

Theorem 19. Let S be a I'-AG-groupoid, and
let A be a quasi I'-primary ideal of S. Then
(A:y:r) is a quasi I'-primary ideal in S, where
yETlandr € S.

Proof. Assume that A is a quasi I'-primary
ideal of S. By Lemma 11, we have (A:y:r)is a
left ideal in S. Let afb< (A:y:r). Suppose that
b" € (A:y:r), for all positive integers n. Since
apbs (A:y:r), we have ry(affb)=A so that
ay(rBb)=A. By Theorem 18, we have a € A
C(A:y:r) or (rfb)" € A, for some positive
integer n. Therefore a ©(A:y:r), and hence
(A:y:r), is a quasi I'-primary ideal in S.

Theorem 20. Let S be a I'-AG-groupoid with
a left identity, and let P be a I'-primary ideal
of S. If (Sya®)a(Spb*) < P, then a’€ P or
b"< P, for some positive integer n.

Proof. Let P be a I'-primary ideal of a I'-AG-
groupoid S with a left identity. Suppose that
b"& P, for all positive integers n. Now
assume that (Sya?)a(Spb*)SP. Then by
definition of a left ideal, we get

(Sya’)a(Spb?)

((SpbA)ya’)as
(@pb?)yS)as
(SyS)a(a’pb?)
a’a((SyS)pb?)
a’a((b*yS)PS)
= (L’ySa@’ps)

that is (b’yS)a(a’SS)SP. By Lemma 10, we
have @’$S, b*yS are T'-ideals in S so that
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> = ala

(exa)ra
(aya)le
(ala)pe

a’fe< a’fS<P
bAb

(exb)Ab
(byb)Ae
(bybyye

= Dyes b*yS<P.

a

or b =

Therefore, a’<P.

Corollary 21. Let S be a I'-AG-groupoid with
a left identity, and let P be a I'-primary ideal
of S. If , b*ya’> € Pthen @*> € P or b" € P, for
some positive integer n.

Proof. Let P be a primary ideal of an AG-
groupoid S with a left identity. Suppose that
b" & P, for all positive integers n. Now assume
that b?ya’ € P. Then by definition of a left
I'-ideal, we get

(@BS)ab’yS) = b*a((@pS)yS)
Ya((SpS)ya’)
= (SpS)ab*ya’)
Sa(b*ya?)
STP

P

NN n

that is (@?BS)a(b’yS)< P. It is easy to see that
a’eP.

Definition 22. A I'-AG-groupoid S is called a
I'-AG-3-band if its every element satisfies

aa(afa) = (aaa)fa = a.

Proposition 23. Every left identity in a I'-AG-
3-band is a right identity.

Proof. Let e be a left identity and a be any
element in a I'~AG-3-band S. Then

aye (aa(aPa))ye
(ea(apa))ya
(apayya

a

foralla € Sand y, a, § € I'. Hence e is a
right identity.

Lemma 24. If a '-AG-3-band § has a left
identity, then every left I'-ideal is a I'-ideal.

Proof. Let S be a I'-AG-3-band and let A be a
left I'-ideal. Then

ayS = ((aaa)pa)ys
= (spa)y(aca)

(STA)[(AT'A)

ATA

A

NN

forall y, a, B € I',a € Aand s = S. Hence,
A is a I'-ideal.

Theorem 25. Let S be a I'-AG-3-band with a
left identity. Then, P is a quasi ['-primary
ideal in S if, and only if, S is a I'-primary ideal
inS.

Proof. The proof is straightforward.

Conclusions

Many new classes of I'-AG-groupoids have
been discovered recently. All this has attracted
researchers of the field to investigate these
newly discovered classes in detail. This
current article investigates the I'-ideals,
I'-primary, and quasi I'-primary ideals in
I'-AG-groupoids. Some characterizations of
I'-primary ideals and quasi I'-primary ideals
are obtained. Moreover, the relationships
between I'-primary and quasi I'-primary
ideals in I'-AG-groupoids have been investigated.
Finally, the necessary and sufficient conditions
of a I'-primary ideal to be a quasi I'-primary
ideal in I'-AG-groupoids have been obtained.

Acknowledgement

The authorsare is grateful to for the assistance
of P. Panpho for ideas that helped to improve
this paper.



380

Some Basic Properties of I'-Primary and Quasi I'-Primary Ideals in I'-AG-groupoids

References

Kazim, M.A. and Naseeruddin, M. (1972). On almost
semigroups. Aligarh. Bull Math, (2):1-7.

Khan, M., Amjid, V., and Khan, F. (2013).
Characterizations of intra-regular I'-AG**-
groupoids by the properties of their I'-ideals.,
Available from: http://arxiv.org/abs/1011.2845.
Accessed date: Sept. 4, 2013.

Mushtaq, Q. and Yousuf, S.M. (1988). On LA-
semigroup defined by a commutative inverse
semigroup. Matematicki Vesnik, 40:59-62.

Mushtaq, Q. and Yousuf, S.M. (1978). On LA
semigroups. Aligarrh Bulletin Math., 8:65-70

Naseeruddin, M. (1970). Some studies in almost
semigroups and flocks, [Ph.D. thesis]. Aligarh
Muslim University, Aligarh, India.

Protic, P.V. and Stevanovic, N. (1995). AG-test and
some general properties of Abel-Grassmann’s
groupoids., Pure Mathematics and Applications,
4(6):371-383

Sen, M.K. and Saha, N.K. (1986). On I'-semigroups
1., Bulletin of the Calcutta. Mathematical
Society, 78:180-186

Sen, M.K. (1981). On -semigroups. Proceedings of the
International Symposium on Algebra and Its
Applications; December 21-25, 1981; New
Delhi, India, Marcel Decker Publications, NY,
USA, p. 301-308.

Shah, T. and Rehman, 1. (2010a). On I'-systems in
I'-AG-groupoids. Proceedings.of the Pakistan
Academy of Sciences., 47(1):33-39.

Shah, T. and Rehman, 1. (2010b). On I'-lideals and
I'-bi-lideals in I'-AG-Ggroupoids. Int. J.
Algebra, 4(6):267-276.

Shah, T. and Rehman, 1. (2013). Decomposition of
locally associative I'-AG-groupoids. Novi Sad
J. Math.,43(1):1-8.



