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Abstract

This paper presentsatri-uniform bond stressmodel for simulating the bond stressdistribution along
thelap splicelength at thecritical post-yield force of areinforcing bar. The bond distribution consists
of 3 parts, namely, the splitting part, the post-splitting part, and the yielding part. In each part, the
bond stressis assumed to be constant. The model is applicable to simulate the bond strength of the
lap splice strengthened by both transverse steel and fiber reinforced polymer (FRP). The lap splice
strength in either the elastic range or post-yield range can be predicted by applying the proposed
tri-uniform model. The strength of the lap splice calculated by the proposed model agrees well with
experimental results of the columns confined by FRP sheetsreported by other researchers. In general,
it isfound that the strength of the lap splice increases with increasing lap splice length, cover to bar
diameter ratio and number of the FRP sheets.

Keywords: Post-yield, laps splice strength, bond stress model, nonlinear model, fiber-reinforced
polymer

Introduction

The strength of the lap spliceis very important
for the development of strength and ductility
of areinforced concrete column. Theinvestiga-
tions of buildings constructed according to a
sub-standard (pre-1971) seismic design method
by Chai etal. (1991) and Melek et al. (2003) have
led to the conclusions that lap splices in sub-
standard columns were typically designed as
compression spliceswith thelap length of about
20 to 24 times bar diameter, and were poorly
confined by asmall amount of transverse steels.
Consequently, lap splice failure was widely

reported asthe primary failure modethat caused
low lateral strength and poor ductility in cyclic
responses of sub-standard reinforced concrete
columns subjected to seismic excitation. Various
methods of strengthening the short lap splice
zone have been studied, such as external
confinement by column or stedl jacketing and
fiber reinforced polymer sheets.
Fiber-Reinforced Polymer (FRP) sheets
are now considered the state-of-the-art
technology in rehabilitation and strengthening
of reinforced concrete (RC) structures. Due to
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the confinement effect, the bond stress between
thereinforcing bar and surrounding concreteis
enhanced, thus increasing the lap splice
strength. Some RC columns confined with FRP
were tested by Xiao and Ma (1997); Maet al.
(2000); Bousiaset al. (2006); Harajli and Dagher
(2008). Thetests showed that FRP confinement
could prevent the lap splice failure before
yielding, in other words, the stress of the short
lap splice bar can be developed into the post-
yield range.

To estimate the lap splice strength, some
bond dlip models were proposed. One of the
most widely used bond slip models was
proposed by Eligehausen et al. (1983) based
on an experimental program at the University
of California, Berkeley, but the model is only
applicable for bars in the elastic range. Based
on Eligehausen’sworks, Hargjli (2006) proposed
a bond slip model based on the test results of
beams with a lap splice length of 5 times bar
diameter at the middle of the beam. Thismodel
can be used for estimating the strength of lap
splices confined by both transverse steel and
FRP sheets, but in pre-yield range only.

Thebond characteristicsin the post-yield
range of steel bars must be known to estimate
the strength of the lap splice. Hassan and
Hawkins (1977) developed the model for
predicting the pull-out strength of an anchored
steel bar in the post-yield range by assuming
the distribution of the bond stress along the lap
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splicelength. Aninvestigation of the bond-dlip
and stress-strain relationships in the post-yield
range of reinforcing bars embedded in massive
concrete was conducted by Murayama et al.
(1986), but therewas no formuladrawn. Another
long embedment pull-out test series was
conducted by Shimaet al. (1987) to investigate
the bond characteristicsin the post-yield range
of deformed bars. The result showed the bond
stress distribution in the yielding zone of the
bars. However, these studies have not focused
ontheeffect of FRP confinement on bond stress
characteristics in the post-yield range. In the
past studies, there was very scarce information
on abond slip model or bond stress distribution
of the lap splice strengthened by FRP in the
post yield range of reinforcing bars. This paper
attemptsto propose the model to predict the lap
splice strength of bars in the post-yield range.

Post-yield Strength of Lap Splice
Confined by FRP

Uniaxial Stress-strain Model for Confined
Concrete

The uniaxial stress-strain relationship
of confined concrete is an important factor
that affects the lap splice strength. A uniaxial
stress-strain model for concrete confined with
either FRP or transverse reinforcement as
proposed by Hargjli et al. (2006) is adopted to
calculate the compressive strength of the
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Figurel. Tri-linear stress-strain model for steel bars(Park and Paulay, 1975)
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confined concrete.

g
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where A is the area of the concrete core,
fi ; fisarethelateral passive confining pressure
exerted by FRP and the ordinary transverse steel
respectively, and k; ; k, are the confinement
effectiveness coefficients. The model is
applicable to various conditions of cross
section (rectangular and circular), wrapping
method (partial and full), thickness and number
of FRP sheets, and types of steel stirrups (spiral
andtie).
Uniaxial Stressand Strain Model for Steel Bar
A tri-linear stress-strain model isadopted
from Park and Paulay (1975). Figure 1(a) shows
the experimental stress-strain curve for steel
grades 40, 60, and 75. Figure 1(b) shows the
idealized tri-linear stress—strain model. The
steel stress-strain relationship is described by
equations (3) to (5).
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where f; ; g;are the bar stress and strain, Es is
the modulus of easticity or Young modulus of
steel, f, ; &, are the yield stress and yield strain
of steel, e4, isthe bar strain at the start of the
strain hardening, and eg,isthe strain at the steel
fracture.
Bond - dip Model of Spliced Bars Confined
with FRP

Sincewrapping FRP around thelap splice
zone provides additional lateral stress, thereby
increasing the bond stress acting on the spliced

bar. In order to simulate the bond-slip behavior
of spliced bars strengthened by FRP, abond-dip
model (Figure 2) by Hargjli (2006) isadopted. In
this model, the peak bond stress ug, and
corresponding slip sy, at bond splitting failure
are expressed in equations (6) and (7)
respectively. In the equations, u, is the
maximum bond stress at pullout mode of the
bond failure given asu,, =2.57 \/7 ns and t;
are the number of FRP layers and the thickness
of FRP shest, respectively. The post-splitting
bond strength u, for FRP confined concrete is
calculated using equation (8) The factor o
representing the method of wrapping is
expressed by equation (9), in which N; is the
number of FRP strips with equal width by . For
full wrapping, o4 = 1.
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Figure2. Bond stress—dlip model by Harajli
(2006)
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Tri-uniform Bond StressM odel

Figure 3 showsacolumnwith longitudinal
bars spliced with the starter bars at the base of
column. When theload is applied to the column,
acrack opensat the interface between the column
base and footing (point O). Consider the outermost
bar on thetension side; the devel oped bar stress
fs > f, at the starting point of lap splice zone
(point O) must be in equilibrium with the bond
stress on the bar surface along the lap splice
zone. The bond stress distribution along the lap
splice length Ls depends on many factors such
as the pull-out force As fs , the length of lap
splice L, the confinement condition, and so on.

An example of bond stress distribution
beforelap splicefailure stateisshownin Figure
3-(1), in which u, and ue, are bond stresses
acting on the yielding part and elastic part,
respectively.

In the post-yield critical state of splitting
failure, the bond stress distribution aong the
lap splice length is assumed to follow the
tri-uniform stress model as shown in Figure
3-(24). In the model, the lap splice length is
dividedinto 3 parts; namely, yielding part (OA),
post-splitting part (AB) and splitting part (BC),

- fs &
| \1 Before failure
| (£) Critical state
: a. Bond stress
| b. Bar stress
|__ ¢ Bar strain |

e ——————

Figure3. Proposed tri-uniform bond stress
mode

with bond stresses acting in each part denoted
as Uy, Uy, and ug, respectively. The lengths of
the yielding part, post-splitting part, and
splitting part are Ly, L, and Lg, respectively.
The length of these 3 parts must be summed
tothelap splice length L.

L=L+L+L, (10)

It is noted that one of the differences
between this model and the bi-uniform stress
model proposed by Sezen and Moehle (2003) is
that the bond stress was not constant along
thedastic part (AC), length L. Figure 3-(2b, 2c)
shows the tri-linear distribution of the
reinforcing bar stress and strain, in which the
bar stress and strain are zero at the end of lap
splice (C). In the post-splitting part, the bar
stressand strain are at yielding (fy and ) at the
start point (A) and at the peak splitting point
(f and &g) at the end point (B). At point A
which separates the bar stress into the elastic
and yielding zone, the strain showsajump from
&,t0 &g, Which is the strain at the start of strain
hardening.

Figure 4 represents the free-body
diagrams of the splitting part (Figure 4(a)), the
post-splitting part (Figure 4(b)) and theyielding
part (Figure 4(c)). In the next section, the
equilibrium condition of these parts and
condition of the slip along the lap splice to
satisfy the bond slip model will be described.

Equilibrium Condition for Splitting Part

A free body diagram and distribution of
bar stress and bar strain along this part are
shown in Figure 4(a). The bond stress and bar
stress have to satisfy equation (11).
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Figure4. Freebody diagrams
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To ensure that the splitting bond stress
reaches the bond strength, the dlip at point B
has to attain the value of sy, as shown in
equation (12).
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Substituting equation (11) into (12) to
obtain the expression in equation (13) for
calculating the length of splitting part. The
splitting bond strength ug, and corresponding
strain sy, aregiven in equations (6) and (7)
respectively.

L — Esdbsﬂ
N 2 u,

Equilibrium Condition for Post Splitting

Part

Figure 4(b) shows the free body diagram
and distribution of the bar stress and strain
along this part. The bond stress and bar stress
have to satisfy equation (14).

(13)
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To compute the value of the post-splitting
part length (L,), the uniform bond stress u,
has to be determined. Figure 5 shows how to
calculate the bond stress on the post-splitting
part based on the bond-dlip model of the lap
splice strengthened by FRP jacketing. In the
Figure, the relationship between the post
splitting bond stress (u;) and corresponding
dlip is represented by a polyline m-n-g. An
example of calculating bond stress u, for a
specific dlip saisshownin Figure 5.

In Figure 5, G, is the distance between
theribsof thereinforcing bar. Depending on the

dip at point A, the bond stress can be computed
following the line m-n-q. eguations (15a) and
(15b) show the equationsfor theselines. Inthese
equations, s, isthe dip at bond stress u, which
is calculated by eguation (8).
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Thebond dlip at point A iscalculated from
the bar strain distribution along this part as
follows.

[P o
Sp y L
2 r (17)

Sy =58+

Substituting u; and s, from eguations
(15a, b) and (17) into eguation (14), and
rearranging theterms, equations (18a) and (18b)
for determining the length L, of the post-
splitting part are derived. It is noted that the
length of the post- splitting part will be
determined from eguation (18a) if thelength is
less than L,, given in equation (19), otherwise
thelength will be obtained by solving equation
(18h).

Bond stress (u)

Ssp  0.15Cy Co

Figureb. culation of bond stressfor aspecific
dip
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Equilibrium Condition for Yielding Part

A free body diagram and distribution of
bar stress and bar strain along this part are
shown in Figure 4(c) The bond stress and bar
stress have to satisfy equation (20)

u,(nd, )L, = (f, - y)T" e (20)

d,
=(f-r)r

To computethelength of theyielding part,
the bond stress on this part hasto be determined.
However, there is no mode of bond and dlip
relation proposed for the yielding bars. In an
effort to calculate the bond slip of an anchorage
bar from the basement, Sezen and Moehle (2003)
used abi-uniform bond stressmodel to simulate
the behavior of anchorage in the yield range.
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Figure6.Experimental result by Shimaet al.
(1987)

They assumed bond stress of 0.5 \/7 acting on
the yielding part. An experimental program on
a pull-out test was conducted to make an
assessment on the bond characteristic in the
post-yield range of a deformed bar by Shima
etal. (1987), thetest alsowasfound in Magkawa
et al. (2003). In the test, the embedment length
was set to 50 d, (d, = 90 mm) which was so
sufficiently long that no free end slip occurred
evenif thebar reached yielding during pull-out.
Figure 6 showsthe experimental result of 3types
of stedl with different nominal yield strengths
300, 500, and 700 M Pa, referred to as SD30, SD50,
and SD70 respectively. It can be seen that the
yield zone of SD30 is penetrating to a larger
distance than that for SD50 because the SD30
bar has lower yield strength but larger yield
plateau as compared with SD50. As observed
fromtheFigure6, it isfound that the bond stress
acting along theyield part tendsto be uniformly
distributed and equal to uy, = 0.25 7" (or
U =041,/7 since/. 196MPa)W|th39rades
of steel SD30, SD50, and SD70.

From the investigation above, the bond
stress in the yielding part is assumed to be
Uy = 025f2” following the Shimaet al. (1987)
experi mental data. Sincewrapping FRP around
the column lap splice increases the compressive
strength of concrete (equation 1), the confined
compressive strength is used for calculating
bond stress in the yielding zone.

u,=025/"" (21)

[So]

Lsp | Ls-Lsp |

Figure7. Free dip at the end of lap splice
length (Alsiwat and Saatcioglu,
1992)
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Substituting equation (21) into equation
(20), we obtain equation (22) for calculating the
length of theyielding zone.

d,
Ly=(fs—fy)ﬁ
1.

cc

(22)

Prediction of Lap Splice Strength

For areinforced concrete column with the
lap splice zone confined by FRP, and with known
parameters including the length of lap splice,
the concrete cover depth of the reinforcing bar,
the properties of concrete and steel materials,
the characteristics of FRP sheets, and so on, it
is possible to determine the length of the splitting
part, post-splitting part, and yielding part as
functions of the number and thickness of FRP
sheetsn t; by using equations (13), (18a, b), and
(22) respectively. By increasing the number and/
or thickness of FRP sheets, it may be possible
to develop the post-yield strength of the lap
splice. For a given FRP parameter nt, , the

post-yield strength of the lap splice [7,] can be

calculated according to equation (23) obtained
by satisfying the condition of equation (10) that

the total length of 3 parts must be equal to the
length of the lap splice. In equation (23), the
variable L, can be obtained by solving the
formula(18a) or (18b).

Ed. s f.z/s
l=f+|L —L — |55 |Sec
Di]fy[s r,/z%deb

In the case that the bar stress at point B
reaches the yield stress (fy, = f,), or the lap
splice length is not sufficient for the formation
of the splitting part, the bond stress distribution
along the splice length will consist of 2 parts,
that is, the yielding part and splitting part. In
this case, a free dlip so must exist at the end
point (C) of the lap splicelength to compensate
the dlip at point B in order to develop bond
splitting us, strength at acritical state (Alsiwat
and Saatcioglu, 1992). Figure 7 showsthe bond
and bar stress distribution along the lap splice
length. Thelap splice strength can be estimated
by equation (24) and finally by equation (25),
in which Lg, is the length of the splitting part
which can be computed from equation (11) by
replacing the termsfg, by yield stressf,.

(23)
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Figure 8. Computational flow chart
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Figure 8 shows the flow chart of the
computational procedure to predict the post-
yield strength of thelap splice confined by FRP.

It is noted that the discussion above
concerns the post-yield strength of the lap
splice. However, the lap splice strength in the
elastic range of the reinforcing bar can also be
computed by applying 1 or 2 parts of the
tri-uniform bond stress distribution model
proposed in section 2.4.

There are 2 circumstances regarding the
elastic strength of the lap splice. The first
circumstance occurs when the lap splice length
is sufficient so that the bond stress can be
developed to the splitting strength (Ls > Lg).
In this case, the bond stress distribution along
the lap splicelength will consist of 2 parts, that
are, the splitting part and post-splitting part. The
elastic strength of the lap splice is given by
equation (18c) if Ls— Lg < Ly, or equation
(18d) if Ls—L > L. Equations (18c) and (18d)
are derived from the equations (18a) and

(18b) by replacing f, by [f.].The second

circumstance occurs when the lap splice length
is insufficient for the bond stress to reach the
splitting strength (Ls< Lg,). Inthiscase, thereis
afreedip at theend of thelap splice (point Cin
Figure 3). Therewill be only the splitting partin
the bond stress model and the elastic strength
of thelap spliceis givenby equation (26).

(18c)

4L -L
Cp—Sg (é‘sp +&, )(LS -L, )
¢S, - 2(00 - sp) (18d)
4uSpLS
[£.]= i (26)

Prediction of Required FRP Thickness for
Desired Stress

Section 1.5 showsthe procedureto calculate
the lap splice strength in either the elastic or
post-yield range for a given amount and thick-
ness of FRP sheets. Inversdly, it is possible to
estimate arequired FRP thicknessfor adesired
lap splice strength (or bar stress). As observed
in equation (23), the right-hand side of the
equation contains a complicated expression
for nst;, therefore it is very difficult to convert
equation (23) into the form that calculates the
thickness of FRP as a function of lap splice
length. However, the required thickness and
number of FRP sheets can be determined by
applying the numerical produce as shown in
Figure 9, in which the FRP thickness ny t;
was adjusted in order to satisfy equation (10).

Comparison with Experiment

Six RC columns strengthened by FRPweretested
by Harajli and Dagher (2008); the peaks of the
reinforcing bars were also reported. This
section applies the proposed prediction steps
to estimate the lap splice strength of these
columns. Table 1 showsthe comparison between
the experimental peak bar stresses and the
analytical lap splice strength estimated by
applying the tri-linear bond stress model
described above. The verification showsaclose
agreement between the experimental resultsand
analytical ones. The discrepancy is within the
range of 10.7%. Itisnoted that thereisastrange
result in the experimental peak bar stress of
column C14FP2 confined with 2 FRP layers
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whichislessthan that of C14FP1 confined with
1 FRPlayer, even though the 2 columnswere set
up in the same configuration. The analysis
estimation shows the correct trend of increasing
lap splice strength with an increasing number of
FRP sheets.

Parametric | nvestigation

Based on the proposed tri-uniform bond stress
model, the calculation procedure for the
strength of the lap splice confined by FRP has
been proposed. In this section, the parametric
investigation is presented. Here, the ratio of
splicelengthto bar diameter L/ d, andtheratio
of concrete cover to bar diameter ¢/ dy, are the
2 parameters that affect the lap splice
performance. The column section is 200 mm
wide and 400 mm high as shown in Figure 10.
The section is reinforced longitudinally by
8¢14 (deformed bar with diameter 14 mm) and

transversely by ¢8 spaced at 200 mm. Theyield
trength f, of the bars is 550 MPa and elastic
modulus Es= 1.96 x 10° MPa The concrete

compressive strengthis /. =39 MPa. The FRP
sheet is0.13 mm thick, with the elastic modulus
Es= 2.30 x 10° MPa. Four values of L/ d, are
considered, which are 20, 25, 30 and 35. These
selected values of Lg/ dy (20, 25, 30, and 35)
are supposed to cover the common ranges of
lap splice length specified in design codes
and in practices.

Theratio ¢/ d, of concrete cover and bar
diameter variesfrom 1.0to 2.4. For each value of
ratio , the number of FRP sheetsis changed in
order to assess the effect of FRP thickness
on the strength of the lap splice. Figures 11 to
Figure 14 show the relationship between the
lap splice strength and the number of FRP sheets
for the 4 values of investigated .

Asobservedin Figure 11, for the columns

[£): Ls; c; dy; Es; fy: Egi e ..
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condition

*I Set new value ngty

‘ Adjustment

| Required thickness ngt;
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Figure9. Computational flow chart
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confined by the same amount of FRP, the lap
splice strength will be higher inthe columnsthat
have a larger concrete cover. It is also found
that with the same configurations, thelap splice
strength proportionally increases with the
number of FRP sheets and the increasing rate
of post-yield strength is less than that in the
elastic range.

Figures 15(a) and 15(b) show an example
of bar stress (dotted line) and bond stress (solid
line) distributions along the lap splice length
with 1 and 2 FRP layers respectively, for
L/ d,=20. Theconcretecover issetto 2.0d,. In
elastic behavior (Figure 15(a)), bond stress is

1.337,/f, and 1.168 \/7 in the splitting part

and post-splitting part, respectively, the lap
splice strength is computed to be 0.994. Figure
15(b) shows the tri-uniform bond stress when
wrapped by 2 FRP sheets. In this case, the lap
splice strength is 1.025;,, and the bond stresses

are0.546 |1 ,1.299 [/, and1.417 /£ inthe

yielding part, post-splitting part and splitting
part respectively.

Figures 16(a) and 16(b) show an example
of bar stress and bond stress distributions for
Ls/ dy= 25 for the case of c/ dy= 1.4. In this
case, the required number of FRP sheets is 3
to develop yielding in the reinforcing bars.
Figures 17(a) and 17(b) show an example of
bar stress and bond stress distributions for

Ls/ d, = 30 for the case of ¢/ d, = 1.0. When
comparingwiththecaseof Ls/dy=20,c/d,=2.0
(Figures 17(b) versus Figure 15(b)), it is seen
that the required number of FRP sheets is
equal to 2 in both cases. Thisindicates that the
longer splice length can substitute the smaller
concrete cover to bar diameter ratio. Figure 18
shows an example of bar stress and bond stress
distributions for Ls/ d, = 35. When comparing
with the case of L/ d,=30 for thesamec/d,
and the same number of FRP sheets (n; = 2), it
isseen that the maximum developed strength is
1.154 f,when Lg/ d, = 35 as compared with
1.05 f, when L/ dy = 30. This again verifies
that the longer length of the lap splice is
beneficial to the development of bar stress.

Conclusions

The tri-linear uniform model for bond stress
distribution at critical lap splice post yield force
was proposed to estimate the lap splice strength
confined by FRP sheets in the pre- and post-
yield range of the reinforcing bar. The model
consists of 3 parts namely splitting, post-
splitting and yielding part. The bond stressesin
the elastic zone including the splitting part and
post-splitting part can also be calculated by the
proposed bond model. The bond stress in the
plastic or yield zone was adopted from the
experimental data. The lap splice strength can
therefore be estimated in either the pre- or post

Tablel. Comparison of strength between experiment and analysis

fy Exper. Analysis Diff.

Column Ls/dy c/d,
(MPa) FARAS [r1/1, (%)
Cl4FP1 30 14 550 1.025 1.053 2.64
Cl4FP2 30 14 550 1.009 1.117 10.70
C16FP1 30 21 528 1.008 1.034 2.67
C16FP2 30 21 528 1.009 1.092 8.20
C20FP1 30 1.0 617 0.746 0.718 -3.75
C20FP2 30 1.0 617 1.000 0.902 -9.79
Average 1.78
SD 7.57
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yield range of the bar. Inversely, using the
proposed model, the thickness and number of
FRP sheets required to develop the desired lap
splice strength can also be calculated.

The comparison between the analytical
predictions and experimental results shows a
good agreement. The discrepancy iswithin the
range of 11%. Based on the proposed model, it
is found that the lap splice strength increases
with thelap splicelength, ¢/ d,and number and
thickness of FRP sheets. The above model can
be used for determining the thickness and
number of FRP sheets to develop the desired
lap splice strength.
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Nomenclature

As Areaof areinforcing bar

b Width of FRP strip

c Concrete cover depth

¢y Distance between the ribs of the
reinforcing bar

d, Diameter of reinforcing bar

E Modulus of elasticity of transverse FRP

Es Modulusof elasticity of reinforcement

[fs] Lap splice strength

fs  Stressof longitudinal reinforcement

fs,  Bar stress at the start of splitting part

f,  Yieldstressof longitudinal reinforcement

/. Compressive strength of unconfined

concrete

Distance from the load end (x db)

Figurel7. Example of bar stress and bond

stressdistribution (Ls/ dp=30)
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Figure18. Example of bar stress and bond

stressdistribution (Ls/ dp=35)

f.. Compressive strength of confined
concrete

Ls Length of lap spliced zone

L, Lengthof yielding part

L, Length of post splitting part

Ly, Length of splitting part

" Number of transverse FRP layers

Nr Number of partial FRPstrips

ns  Number of lap splicesin tension

r Ratio of plasticity modulus to elasticity
modulus

Sy Local dipfactor

S;  Local dip at peak pullout modefailure

S, Local slip at corresponding post-yield

stress
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t Thicknessof 1 FRPlayer

Ue Bond stressin elastic part

Un Maximum bond stressat pullout mode
u, Post splitting bond stress

u.  Bond stressin post splitting part

Bond stress in splitting part

u, Bondstressinyielding part

o Factor of partial wrapping

g¢  Strainof reinforcement

Strain of reinforcement at start of strain
hardening

Strain of reinforcement at start of splitting
part

€y  Strainof reinforcement at yield state
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