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Abstract

The fourth-order delay difference equation’s oscillation condition is the subject of this paper. The
basic concept is to use comparison methods to get the oscillation result and Property B. Some
previous findings are expanded upon and improved by our research. To illustrate the key findings,

examples are provided.
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Introduction

Many researchers have been concentrated on
finding the oscillatory solutions for difference
equations. Even though third-order difference
equations are found in physics, biology, and other
mathematical disciplines, they have not gotten
enough investigation (Elaydi, 1996; Agarwal, 2000;
Kelley & Peterson, 2001; Grace, 2005; Kaleeswari
& Selvaraj, 2016a, 2016b; Chatzarakis ef al., 2022).
The study of the oscillatory properties of third and
higher-order equations has attracted a lot of
attention in recent years. This is because issues in
economics, mathematical biology, and many other
areas of mathematics commonly involve the use of
such an equation (Artzrouni, 1985; Kaleeswari
et al, 2014; Selvaraj & Kaleeswari, 2015;
Kaleeswari, 2020).

Recently, Selvaraj and Kaleeswari (2013)
discussed the oscillation criteria using comparison
method. Throughout this article, researchers
examine the oscillatory behaviour of a fourth-order

Damping terms; Delay equation; Fourth order; Oscillatory behaviour

non-linear delay difference equation with positive
damping components of the type and discuss about
the solutions are either oscillatory or having
Property (B). Here {a,},{bs} are the sequences of
positive real numbers, ng is a non-negative number.
We’ll make the following assumptions in the
continuation and discuss about the solutions are
either oscillatory or having Property (B). Here
{an},{bn} are the sequences of positive real
numbers, ng is a non-negative number. We’ll make
the following assumptions in the continuation:

A(apARAAX)M) + PrA(8%ns1)" + Anf(xn—o) =
0,n = n,, (1.1

(Al)pp, q, are positive series Vn = ng;

(A2) o is a positive number and 1) is a ratio of odd
positive numbers;
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(A3) xf(x) > 0,f is increasing function for x # 0,
and —f(—=pq) = f(pq) = f(p)f(q) for pq > 0.

A non-trivial real sequence {x,} that fulfils
equation (1.1) Vn > n, is referred to as a solution of
equation (1.1). If the answer to equation (1.1) is
neither eventually positive nor eventually negative,
it is said to be oscillatory; otherwise, it is said to be
non-oscillatory.

The following is how the paper is set up: In
Section 2, we provide some basic elaborations that
will help to demonstrate our main results. In Section
3, it is given that, equation (4.2) has Property B.
Section 4, demonstrates the oscillation theorems.
Finally, examples are provided to show the
applicability of the findings.

Preliminary Results

This section will describe about the behaviour of
solutions of equation (1.1) and the difference
equation,

A (anA(yn)) + bi):l

2.1)

Yopp = 0,02 ng.

The following Theorem recall a number of
intriguing and significant findings regarding
equation (1.1)

Theorem 2.1. Suppose {yn} is a positive solution
of equation (2.1). Then

L(x,) = A(a,A(b,A(AX)M) + P, A(AXy4 )"

must be written by

L(x,) = LA (anynynHA <:)I—HA(AXH)“>>, 2.2)

n+1 n

Proof. From (2.1) we have,

bn+1

A (anA(yn)).

p,=—

n+l

It is easy to observe that

L(xy)
1 A(b,A(AX)"
= A anynyn+] [ ( ( - ) )yn+l]
yn+1 ynyn+1
_ bn+1A(Axn+1)nAyn

ynyn+1

1
= [A@AGAGy,,)

n+1

- A(anbn+lA(AXn+l)nAyn)]
1
= —AynHanHA(anA(an)”)

n+l
1
+—y,, A@,AM,AAX,)M)
yn1+1
- Ayn.Han+lA(bn+lA(Xn+1)n)
yn+1
n+1

A(Axn+ 1 )nA(anAyn)

n+1

L(xy) = A(a,A(b,A(AX,)M)
+ p, A(AXp )" (2.3)

Hence, the proof is completed.

Corollary 2.2. If equation (2.1) has a positive
solution {yn}, may be expressed as follows:

b,
A (anynynHA (y— A(Axn)”>> +q, Y, fGnse) =0 (24)

Proof. The proof is direct impact of Theorem 2.1.

Lemma 2.3. (Agarwal et al., 2005) If

a, =1, z P
bn+l

n=ng

<o limsupnz bs <l
' n—o0 bs+1 4,

s=n

2.5)

then the solution of (2.1) is a positive solution.
Lemma 2.4. (Agarwal et al., 2005) Assume the

condition (2.5) holds. Then 3 a non-oscillatory
solution to the equation (2.1) fulfilling

i 1
a“ynyn+l

n=ng

= o0,

(2.6)
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Now let us assume that

® 1
3 (-
b,
n=nq
where {yn} is a positive solution which exists by
Lemma 2.3.

.7

Lemma 2.5. (Gy6ri & Ladas, 1991) Let {qn} bea
positive sequence, G is a positive integer and 1 is a
ratio of odd positive integers. If the difference
inequality has an eventually positive solution, then
the difference equation Au,, + qnuﬂ_G = 0 also has
an eventually positive solution.

Au, +qup_, <0

n—c —

Next, we study the behaviour of solution of
equation (2.4) which is equivalent to the equation

(1.1).

Assume the system (2.1) has a positive
solution {yn} that fulfils (2.6) and let the condition
(2.5) hold. If condition (2.7) is fulfilled, then the
positive solution of system (2.4) has the following
two cases:

(S1) (Ax,)" < 0, A(Ax,)" > 0, A <%A(Axn)“)

n

b
<0,A (anynynHA (y— A(Axn)n>> <0,

n

(or)

(S2) (Ax )" > 0, A(Ax )" > 0,A (l;—nA(Axn)”> >0

n

b
A <anynyn+1A (y_nA(AXn)n>) <O0.
n

Suppose the condition (2.7) is not satisfied, then
other type of non-oscillatory is possible.

(83) (Ax,)" < 0, A(Ax,)" < 0,A (l;— A(Axn)“>

n

b
<0,A <aﬂynyn+lA <y—n A(Axn)”>>
n

<0.

In the following section, we discuss about Property

(B).

Property B
We provide certain criteria in this section for
equation (1.1) have Property B.

Definition 3.1. Every non-oscillatory solution
to equation (1.1) has Property B if it meets the
condition {x,}

X, Ax, < 0. 3.1
In the following theorem we describe equation

(1.1) has the Property B condition its proved by
using contradiction.

Theorem 3.2. Let the solution of the equation (2.1)
be positive and meet conditions (2.6) and (2.7) and
assume (2.5). If the equation

1
n-o-1 [s—1 t—1 n
Auy + quyniaf Z Ye L
" o ~ — t =~ A;YiVit1
s=nq t=s1 i=tq
1
f (uZ_(,) =0n=n (3.2)

is oscillatory, then (1.1) has Property B.

Proof. Suppose {x,} is a positive solution of
equation (1.1) and hence of (2.4). It follows that {x,}
belongs to either S1 or S2. If x, € S2, then

b,
Uy = a,y,y,, A (—A(Axn)") >0
Y
and {u,} is decreasing. Immediately we can write

n—1

b,
2AAX )" = Z
y

n s=n|

b
ayy,, A (y—s A(Axs)”)
S

aYYs41

n—1

1
=u, Z
asYsYs+1

s=nj

The aforementioned inequality from n; ton — 1 is
summing to give

n— s—1
(Ax,)" > Z Ysusz 1
L by Y, Y4

1
s=nj t=s

The aforementioned inequality from n; to n — 1 is
once more summing up, giving us

n—1 s—1 t—1

=)

s=nj t=s1

S~

Thus,
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Theorem 3.4. Suppose the condition (2.7) be
Z Z Y Z hold and let (1.1) posses Property (B). If
n c — -
s=njp t=s; = lyy+1 = - y[ - -
. L o fim Z EZ ay Z 951
Using the aforementioned inequality in (2.4) and by s=nj \t=s =t iy V=i

(A3), we obtain

—Au,
l

1 n—o-1 s—1 t—1

2 Y,
>q,y,,,f| u Z =
— In/n+l1 ﬂ G b a

s=n| t=s; ti= t] iYi¥is1
1

n—c—1 s—1
Z QYo f Z Z a;y.y,

s=n t=s] iz t] i+1

1
* f (uﬂ_(S)

Therefore {u,} is a positive solution of

Au,
(n_o_ 1\ "
+ qnyn+1 Z Z Yt Z aly y <u2—0>
s=nj t=sq tis =t i+1 /
<0

which contradicts by Lemma 2.5, so the equation
(3.2) is oscillatory. Hence equation (1.1) has
Property B

Corollary 3.3. Let hypothesis of Lemma 2.3 hold,
f(u)=u™n and assume that the solution of the
equation (2.1) is positive and meet conditions (2.6)
and (2.7). If,{il?o inf

n-o—1 s—1
Z QvYv+1 Z Z Z
v=ng-o s=v1  \i=s; ‘'i=q YY1
g o+1
> (0 . 1) (3.3)

then system (1.1) has Property (B).

The result of the subsequent theorem is an
asymptotic solution to the equation (1.1), which
meets the Property B condition.

(3.4)

then every non-oscillatory solution of system (1.1)
tends to 0 asn — oo.

Proof. Assume that {x,} is a non-oscillatory
solution of (1.1) and hence of (2.4) such that
x, > 0. Also assume that x,Ax, < 0 for all n > n,.
Then there exists a non-negative integer w > 0,
such that limx,, = w. Now contradictory assume

n—oo

that w > 0. Using (A3), (2.4) can be written as

b
—A (anynyn.HA (y_n A(Axn)n)> = qnyn+1f(xn—c)
n
= qnyan(w).

The aforementioned inequality is summing up from
n to oo, and we carry

b
-4 <—A(Axn)n) f(w)z 0o
Ya Y Yn+1

Summing up the resulting inequality from n to o

implies
q.y
ayy ys+l z tt+1

_A(Ax,)" > 2o p ) Z
sS=n
Again summing, we have

0 y o0 0
—(Axn)HZf(w)Z—Z 2,9
L byl ayy,, &

Repeating the summation from n; ton—1, we
obtain

Taking limit as n = o and from equation (3.4), we
obtain
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limx,
n—oo
< Xp,
l
n—1 © © 0 n
. Y:
— f(w)lim Z — qy
n—-ow b a j*l
s=n; \ t=s R iYiYis1 j=i
= —w

which contradicts. Therefore w = 0 and hence
every non-oscillatory solution of (1.1) tends to 0 as
n— oo

In the next section we discuss the oscillatory
criteria of the fourth order difference equation.

Oscillation Criteria

In Theorem 4.1, we assume the solution of (1.1) is
positive and it belongs to the condition S1 proceed
the proof by summing by parts method, result is
contradiction to our statement so solution of the
equation (1.1) is oscillatory

Theorem 4.1. Suppose {yn} is a positive solution
of system (2.1) meet conditions (2.6) and (2.7). Let
(2.5) be true. Suppose that there is a positive integer
k with k < g such that (3.2) and

1

n+k y s+k t+k 1
s =
= Vier | P (o)
Z sz athYt+IZ qdiYi+1 n—-o+3k
s=n t=s i=t
=0 (4.1)

are both oscillatory, then equation (1.1) is
oscillatory.

Proof. Assume {x,} is an eventually positive
solution of (1.1). Consequently {x,} belongs to
either (S1) or (S2). The oscillation of equation (3.2)
suggests that (S2) is empty according to the
Theorem 3.2. Hence {x,} belongs to S1.

Taking summation of equation (2.4) from n to
n + k, gives

n+k

by,
—a,y, Y, A (y— (Axn)"> > Z Q.Y 4 F(Xs—)-

It implies

b,
—A (—A(Axn)“> > ootk
yn ar‘ynyn+1

s=n

Summing the final inequality from n to n+k once

again, we obtain —A(Ax )" =
Yn f( n+k 1 s+k :

LXK oial) Dot E ——— Summing the
ba n—c+2k s=n AYYorl t=s qtyt+1 g

aforementioned inequality from n to n+k once more,
we obtain

_(Axn)]1
ntk  s+k 1 t+k
y
2 f(Xn—c+3k)Z _SZ Z q,y;
s=n bs t=s a1ytyt+1 i=t o
This implies
—Ax,
1
n+k stk +k n
y 2
= Z b_z ay.y 9GYi fn(xn—c+3k)
s=n t=s 1 i=t
AXx,
1
n+k stk t+k ﬁ
y
+ Z = Z qy f"(xn o+3k)
s=n bs t=s a1ytyt+1 i
<0

The difference equation (4.1) has a positive
solution according to Lemma 2.5, which is in
contradiction.

As aresult, every oscillatory solution {Xx n } to
the equation (1.1) exists. Hence, the proof is
completed.

Corollary 4.2. Suppose {yn} is a positive solution

of (2.1) meet conditions (2.6) and (2.7). Let (2.5)
be true. Suppose that the condition (3.3) retains and

there is a positive integer k with k < g such that

n—1 1

s+k t+k i+k n
lim inf E %t E : E q.y
n—w b av.y. 7 j+1
el
s=ng—o+3k

o — 3k o—3k+1
>|l—- 4.2
<0 —3k+ 1) (4.2)

Then equation (1.1) is oscillatory.

Proof. As a result of Theorem 3.2 and Theorem
4.1, we can see that conditions (3.3) and (4.2)
indicate that equations (3.2) and (4.1) are
oscillatory.

In Theorem 4.1, we assume the solution of
(1.1) is positive and it belongs to the condition S3
proceed the proof by summing by parts method,
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result is contradiction to our statement so solution
of the equation (1.1) is oscillatory

Theorem 4.3. Suppose {yn} is a positive solution

of system (2.1) meet conditions (2.6) and (2.7). Let
(2.5) be true. If there is a positive integer k with
k< ;—5 such that (3.2) and (4.1) are oscillatory and if

1
n—1 a
san tznl lzn:l aiy.yii1
1
n—1 n
z Z 0¥ 1f (Xj=o) | =0 (43)
s=n; \ j=nq

then (1.1) is oscillatory.

Proof. Consider {x,} a non-oscillatory solution of
system (1.1) and hence (2.4) such that x, > 0. From
Theorem 3.2 and Theorem 4.1, the conditions (S1)
and (S2) are empty. Assume that {x,} € S3. Now
summing (2.4) from n; to n — 1 becomes,

P ()

n

=— Z_: qsYs+1f (Xs—g)

S=nq

AnYnYn+14

+ anlynlyn1+1A

b
y_nlA((AxTH)n)
ny

b
apYnYn+14 (_n A((Axn)n)>
Yn

= - Z AsYs+1f(Xs—6),  n=ng. (4.4)
s=nj

The aforementioned inequality from n; ton —1is
summing to give us

b,
SAR < - Z

s=nj

9Y e f(ximo)
syymz; t7 41" V=0

The result of summing the aforementioned
inequality from n; ton — 1 is

qiyi_Hf(Xi—c)

(Ax)" < — Z Z
Y Yiq 4 =t

Again summing, we obtain

n—1 |s-1 t—1

DI

s=n | t=s i=t]

Z SATREC

.lll

Yt

which contradicts positivity of x, by (4.3). This
completes the proof.

Examples

Based the previous finding results we discuss
examples. In Example 5.1, set the parameter values
according to the result of the Property B theorems
and solution of the equation (1.1) is asymptotic.

Example 5.1. Take the delay difference equation

A (mlr_lA ((n 4 1)A(Axn)§)>

1
+—  "A(A 5
(n+ 1)(n+2) ( Xn+l)
1
+(m+Dx_, =0 D
1
Here, a, = —l;bn =m+1),pyn= (n+1)(n+2)'qn -

(n+1),n= éand o = 1. Put these values in (2.1),
we get

| |
A<n+ 1Ayn>+(n+ Do+ 232 Vo1 =0 5-2)

From Lemma 2.3, system (5.2) has a non-oscillatory
solution. Infact, {yn} = (n + 1) is a nonoscillatory
solution of (5.2) that satisfies the conditions

<

5. who-
(n+2)

n=ng

and

0

Y i=w

n=ngp

From corollary 3.3 , equation (3.3) gives
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n—1
lim inf v+ D(v
e v=np—o
1
v=2 s—=1 t-1 5
= L)
) G+2) 4

S=Vy t=s; j=t;

s0 (5.1) has Property (B). Also we can see

Z (n+D@n+2)
=

Therefore, according to Theorem 3.4, every non-
oscillatory solution of (5.1) tends to 0 as n—oo.

In Example 5.2, set the parameter values
according to the result of the oscillatory theorems
and solution of the equation (1.1) is oscillatory.

Example 5.2. Take the delay difference
equation

1

— A 5
+ (Il i 1)(11 T 2) ( Xn+1)
+m+4Hx_, =0 (5:3)
1
Here, a, = E;bn (n+1),p, (n+1)(n+2)’q

n+4,m = 5and o = 1. Put these values in (2.1),
we get

1 1
Al——A —_— =0 (54
(n+l yn)Jr(n+1)(n+2)2yn+l 4

Then Equation (5.4) has nonoscillatory solution
{yn} = (n + 1) which satisfies the conditions

n=ng

and

> 1=

If we assume k=1, then (4.2) becomes

n—1 s+k t+k i+k

D +2) ), 646
i=t j=i

s=np—1 t=s

lim inf

n—oo

1
2 > =
+2) 3

and (3.3) also holds. So by corollory 4.2 every
solution of (5.3) is oscillatory.

Conclusion

The findings in this study are highly general,
enhance and complete earlier findings for certain
cases of equation (1.1). Furthermore, the monotonic
characteristics of the solutions which are described
in the theorems are proved by using the comparison
principle and summation averaging methodology
etc. Also the examples determine the main results.

Declaration

Ethical Approval: Not applicable, as the study did
not involve human or animal participants.

Consent to Participate: Not applicable.

Consent for Publication: All authors reviewed the
final version of the manuscript and agreed to its
submission and publication.

Author Contributions: All authors made equal and
substantial contributions to the conception, design,
execution, and review of this study.

Funding Statement: This work was conducted
without the support of external funding sources.
Competing Interests: The authors declare that
there are no financial or non-financial conflicts of
interest related to this study.

Data Availability: All relevant data supporting the
findings of this research are included in the
manuscript; no additional data are required.

References

Agarwal, R. P. (2000). Difference equations and inequalities:
Theory, methods, and applications (2nd ed., rev. and
expanded). Marcel Dekker.
https://doi.org/10.1201/9781420027020

Agarwal, R. P., Bohner, M., Grace, S. R., & O’Regan, D. (2005).
Discrete  oscillation  theory. Hindawi Publishing
Corporation.

Artzrouni, M. (1985). Generalized stable population theory.
Journal of Mathematical Biology, 21(3), 363-381.
https://doi.org/10.1007/BF00276233


https://doi.org/10.1201/9781420027020
https://doi.org/10.1007/BF00276233

030406-8

Osci. Criteria of Certain Fourth Order DE with Damping Term

Chatzarakis, G. E., Srinivasan, R., & Thandapani, E. (2022).
Oscillation and property (B) for semi-canonical third-
order advanced difference equations. Nonautonomous
Dynamical Systems, 9(1), 11-20.
https://doi.org/10.1515/msds-2021-0142

Elaydi, S. N. (1996). An introduction to difference equations.
Springer. https://doi.org/10.1007/978-1-4757-9168-6

Grace, S. R. (2005). Oscillation of even order nonlinear
difference equations with an advanced argument.
Dynamics of Continuous, Discrete and Impulsive Systems
Series A: Mathematical Analysis, 30(3a), 243-251.

Gy6ri, 1., & Ladas, G. (1991). Oscillation theory of delay
differential equations with applications. Clarendon Press.

Kaleeswari, S. (2020). Oscillatory and asymptotic behavior of
third order mixed type neutral difference equations.
Journal of Physics: Conference Series, 1543(1), Article
012005. https://doi.org/10.1088/1742-
6596/1543/1/012005

Kaleeswari, S., & Selvaraj, B. (2016a). An application of certain
third order difference equation in image enhancement.
Asian Journal of Information Technology, 15(23), 4945-
4954.

Kaleeswari, S., & Selvaraj, B. (2016b). On the oscillation of
certain odd order nonlinear neutral difference equations.
Applied Sciences, 18, 50-59.

Kaleeswari, S., Selvaraj, B., & Thiyagarajan, M. (2014).
Removing noise through a nonlinear difference operator.
International Journal of Applied Engineering Research,
9(21), 5100-5106.

Kelley, W. G., & Peterson, A. C. (2001). Difference equations:
An introduction with applications (2nd ed.). Academic
Press.

Selvaraj, B., & Kaleeswari, S. (2013). Oscillation of solutions of
second order nonlinear difference equations. Bulletin of
Pure and Applied Sciences — Mathematics and Statistics,
32(1), 83-92.

Selvaraj, B., & Kaleeswari, S. (2015). Oscillatory properties of
solutions for certain third order nonlinear difference
equations. Far East Journal of Mathematical Sciences,
98(8), 963-975.


https://doi.org/10.1515/msds-2021-0142
https://doi.org/10.1007/978-1-4757-9168-6
https://doi.org/10.1088/1742-6596/1543/1/012005
https://doi.org/10.1088/1742-6596/1543/1/012005


  Δ  (  a n Δ  (  b n Δ    ( Δ  x n ) η ) ) +  p n Δ    ( Δ  x  n + 1 ) η +  q n f  (  x  n − σ ) =
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  ∀ n ≥  n 0


  σ


  η


  xf ( x ) > 0 , f


  x ≠ 0


  − f ( − pq ) ≥ f ( pq ) ≥ f ( p ) f ( q )


  pq > 0


   {  x n }


  ∀ n ≥  n 0


     Δ  (  a n Δ  (  y n ) ) +    p n   b  n + 1  y  n + 1 = 0 ,   n ≥  n 0 .                                     ( 2 . 1 )


   {  y n }


  L  (  x n ) = Δ  (  a n Δ  (  b n Δ    ( Δ  x n ) η ) ) +  p n Δ    ( Δ  x  n + 1 ) η


     L  (  x n ) =  1   y  n + 1 Δ  (  a n  y n  y  n + 1 Δ  (    b n   y n Δ    ( Δ  x n ) η ) ) ,             ( 2 . 2 )


   p n = −    b  n + 1   y  n + 1 Δ  (  a n Δ  (  y n ) ) .
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  L  (  x n ) = Δ  (  a n Δ  (  b n Δ    ( Δ  x n ) η ) ) +  p n Δ    ( Δ  x  n + 1 ) η .                               ( 2 . 3 )


   {  y n }


     Δ  (  a n  y n  y  n + 1 Δ  (    b n   y n Δ    ( Δ  x n ) η ) ) +  q n  y  n + 1 f  (  x  n − σ ) = 0 .               ( 2 . 4 )


      a n ≥ 1 ,     ∑  n =  n 0 ∞        p n   b  n + 1 < ∞ ,     lim   sup  n → ∞   n   ∑  s = n ∞        p s   b  s + 1 <  1 4 ,                   ( 2 . 5 )


  ∃


    ∑  n =  n 0 ∞      1   a n  y n  y  n + 1 = ∞ .                                                                                                   ( 2 . 6 )


       ∑  n =  n 0 ∞        (    y n   b n )   1 η = ∞                         ( 2 . 7 )


   {  y n }


   {  q n }


  σ


  η


  Δ  u n +  q n  u  n − σ η = 0


  Δ  u n +  q n  u  n − σ η ≤ 0


   {  y n }


  (S1)     ( Δ  x n ) η < 0 , Δ    ( Δ  x n ) η > 0 , Δ  (    b n   y n Δ    ( Δ  x n ) η ) < 0 , Δ  (  a n  y n  y  n + 1 Δ  (    b n   y n Δ    ( Δ  x n ) η ) ) < 0 ,


  (S2)     ( Δ  x n ) η > 0 , Δ    ( Δ  x n ) η > 0 , Δ  (    b n   y n Δ    ( Δ  x n ) η ) > 0


  Δ  (  a n  y n  y  n + 1 Δ  (    b n   y n Δ    ( Δ  x n ) η ) ) < 0 .


  Δ  (  a n  y n  y  n + 1 Δ  (    b n   y n Δ    ( Δ  x n ) η ) ) < 0 .


  (S3)     ( Δ  x n ) η < 0 , Δ    ( Δ  x n ) η < 0 , Δ  (    b n   y n Δ    ( Δ  x n ) η ) < 0 , Δ  (  a n  y n  y  n + 1 Δ  (    b n   y n Δ    ( Δ  x n ) η ) ) < 0 .


  B


   {  x n }


   x n Δ  x n < 0 .                                                                                                                         ( 3 . 1 )


  Δ   u  n +   q  n   y  n + 1 f   ∑  s =   n 1  n − 𝜎 − 1      (   ∑  t =   s 1  s − 1         y  t    b  t   ∑  i =   t 1  t − 1      1    a  i   y  i   y  i + 1 )   1  𝜂


    f  (   u  n − 𝜎   1  𝜂 ) = 0 ,   n ≥   n 1                       ( 3 . 2 )


    f  (   u  n − 𝜎   1  𝜂 ) = 0 ,   n ≥   n 1                       ( 3 . 2 )


   {  x n }


   {  x n }


   x n ∈ S 2


   u n =  a n  y n  y  n + 1 Δ  (    b n   y n Δ    ( Δ  x n ) η ) > 0


   {  u n }


     b n   y n Δ    ( Δ  x n ) η ≥   ∑  s =  n 1  n − 1      1   a s  y s  y  s + 1  a s  y s  y  s + 1 Δ  (    b s   y s Δ    ( Δ  x s ) η ) ≥  u n   ∑  s =  n 1  n − 1      1   a s  y s  y  s + 1


   n 1


  n − 1


     ( Δ  x n ) η ≥   ∑  s =  n 1  n − 1      y s  u s   b s   ∑  t =  s 1  s − 1    1   a t  y t  y  t + 1


   n 1


  n − 1


   x n ≥   ∑  s =  n 1  n − 1      (   ∑  t =  s 1  s − 1        y t  u t   b t   ∑  i =  t 1  t − 1      1   a i  y i  y  i + 1 )   1 η


   x  n − σ ≥   ∑  s =  n 1  n − σ − 1      (   ∑  t =  s 1  s − 1        y t  u t   b t   ∑  i =  t 1  t − 1      1   a i  y i  y  i + 1 )   1 η


  − Δ  u n ≥  q n  y  n + 1 f  (  u  n − σ   1 η   ∑  s =  n 1  n − σ − 1        (   ∑  t =  s 1  s − 1        y t   b t   ∑  i =  t 1  t − 1      1   a i  y i  y  i + 1 )   1 η ) ≥  q n  y  n + 1 f  (   ∑  s =  n 1  n − σ − 1        (   ∑  t =  s 1  s − 1        y t   b t   ∑  i =  t 1  t − 1      1   a i  y i  y  i + 1 )   1 η ) ∗ f  (  u  n − σ   1 η )


   {  u n }


  Δ  u n +  q n  y  n + 1 f  (   ∑  s =  n 1  n − σ − 1        (   ∑  t =  s 1  s − 1        y t   b t   ∑  i =  t 1  t − 1      1   a i  y i  y  i + 1 )   1 η ) f  (  u  n − σ   1 η ) ≤ 0


     lim  n → ∞ ⁡  i n f


      ∑  υ =   n 0 − 𝜎  n − σ − 1   q  𝜐   y  𝜐 + 1  (   ∑  s =   𝜐 1  υ − σ − 1        (   ∑  t =  s 1  s − 1        y t   b t   ∑  j =  t 1  t − 1      1   a j  y j  y  j + 1 )   1 η ) >    (   𝜎  𝜎 + 1 )  𝜎 + 1                                         ( 3 . 3 )


   lim  n → ∞     ∑  s =  n 1  n − 1        (   ∑  t = s ∞        y t   b t   ∑  i = t ∞      1   a i  y i  y  i + 1   ∑  j = i ∞      q j  y  j + 1 )   1 η = ∞                                                 ( 3 . 4 )


  n → ∞


   {  x n }


   x n > 0


   x n Δ  x n < 0   for   all  


  n ≥  n 0


  w ≥ 0 ,  


   lim  n → ∞    x n = w


  w > 0


  − Δ  (  a n  y n  y  n + 1 Δ  (    b n   y n Δ    ( Δ  x n ) η ) ) =  q n  y  n + 1 f  (  x  n − σ ) ≥  q n  y  n + 1 f ( w ) .


  n


  ∞


  − Δ  (    b n   y n Δ    ( Δ  x n ) η ) ≥  1   a n  y n  y  n + 1 f ( w )   ∑  s = n ∞    q s  y  s + 1 .


  n


  ∞


  − Δ    ( Δ  x n ) η ≥    y n   b n f ( w )   ∑  s = n ∞    1   a s  y s  y  s + 1   ∑  t = s ∞    q t  y  t + 1


  −    ( Δ  x n ) η ≥ f ( w )   ∑  s = n ∞      y s   b s   ∑  t = s ∞    1   a t  y t  y  t + 1   ∑  i = t ∞    q i  y  i + 1


   n 1


  n − 1


   x n ≤  x   n 1 − f ( w )   ∑  s =  n 1  n − 1      (   ∑  t = s ∞        y t   b t   ∑  i = t ∞      1   a i  y i  y  i + 1   ∑  j = i ∞      q j  y  j + 1 )   1 n .


  n → ∞


   lim  n → ∞    x n ≤  x   n 1 − f ( w )  lim  n → ∞     ∑  s =  n 1  n − 1      (   ∑  t = s ∞        y t   b t   ∑  i = t ∞      1   a i  y i  y  i + 1   ∑  j = i ∞      q j  y  j + 1 )   1 η = − ∞


  w = 0


  ∞


   {  y n }


  k


  k <  σ 2


  Δ  x n +    (   ∑  s = n  n + k        y s   b s   ∑  t = s  s + k      1   a t  y t  y  t + 1   ∑  i = t  t + k      q i  y  i + 1 )   1 η  f   1 η  (  x  n − σ + 3 k ) = 0                                                                                                                                                         ( 4 . 1 )


   {  x n }


   {  x n }


   {  x n }   belongs   to   S 1


  n


  n + k


  −  a n  y n  y  n + 1 Δ  (    b n   y n    ( Δ  x n ) η ) ≥   ∑  s = n  n + k    q s  y  s + 1 f  (  x  s − σ ) .


  − Δ  (    b n   y n Δ    ( Δ  x n ) η ) ≥   f  (  x  n − σ + k )   a n  y n  y  n + 1   ∑  s = n  n + k    q s  y  s + 1


  − Δ    ( Δ  x n ) η ≥    y n   b n f  (  x  n − σ + 2 k )   ∑  s = n  n + k    1   a s  y s  y  s + 1   ∑  t = s  s + k    q t  y  t + 1


  −    ( Δ  x n ) η ≥ f  (  x  n − σ + 3 k )   ∑  s = n  n + k      y s   b s   ∑  t = s  s + k    1   a t  y t  y  t + 1   ∑  i = t  t + k    q i  y  i + 1


  − Δ  x n ≥    (   ∑  s = n  n + k        y s   b s   ∑  t = s  s + k      1   a t  y t  y  t + 1   ∑  i = t  t + k      q i  y  i + 1 )   1 η  f   1 η  (  x  n − σ + 3 k )


  Δ  x n +    (   ∑  s = n  n + k        y s   b s   ∑  t = s  s + k      1   a t  y t  y  t + 1   ∑  i = t  t + k      q i  y  i + 1 )   1 η  f   1 η  (  x  n − σ + 3 k ) ≤ 0


   {  y n }


  k


  k <  σ 2


  such   that


    lim   inf  n → ∞     ∑  s =  n 0 − σ + 3 k  n − 1     (   ∑  t = s  s + k        y t   b t   ∑  i = t  t + k      1   a i  y i  y  i + 1   ∑  j = i  i + k      q j  y  j + 1 )   1 η   >    (   σ − 3 k  σ − 3 k + 1 )  σ − 3 k + 1 .                   ( 4 . 2 )


   {  y n }


  k


  k <  σ 2


    ∑  s =  n 1  n − 1        (   ∑  t =   n 1  s − 1         y  t    b  t   ∑  i =   n 1  t − 1      1    a  i   y  i   y  i + 1 )   1 η ∗   ∑  s =  n 1  n − 1      (   ∑  j =   n 1  i − 1       q  j   y  j + 1 f  (   x  j − 𝜎 ) )   1 η = ∞ .                   ( 4 . 3 )


   {  x n }


   x n > 0


   {  x n } ∈ S 3


   n 1


  n − 1


    a  n   y  n   y  n + 1 Δ  (     b  n    y  n Δ  (    ( Δ   x  n )  𝜂 ) ) = −   ∑  s =   n 1  n − 1     q  s   y  s + 1 f  (   x  s − 𝜎 ) +   a    n 1   y    n 1   y    n 1 + 1 Δ  (     b    n 1    y    n 1 Δ  (    ( Δ   x    n 1 )  𝜂 ) ) .


      a n  y n  y  n + 1 Δ  (    b n   y n Δ  (    ( Δ  x n ) η ) )     ≤ −   ∑  s =  n 1  n − 1      q s  y  s + 1 f  (  x  s − σ ) ,     n ≥  n 1 .       ( 4 . 4 )


   n 1


  n − 1


     b n   y n Δ  (    ( Δ  x n ) η ) ≤ −   ∑  s =  n 1  n − 1    1   a s  y s  y  s + 1   ∑  t =  s 1  s − 1    q t  y  t + 1 f  (  x  t − σ )


   n 1


  n − 1


     ( Δ  x n ) η ≤ −   ∑  s = n  n − 1      y s   b s   ∑  t =  s 1  s − 1    1   a t  y t  y  t + 1   ∑  i =  t 1  t − 1    q i  y  i + 1 f  (  x  i − σ )


   x n ≤ −   ∑  s = n  n − 1      [   ∑  t = s  s − 1        y t   b t   ∑  i =  t 1  t − 1      1   a i  y i  y  i + 1   ∑  j =  i 1  i − 1      q j  y  j + 1 f  (  x  j − σ ) ]   1 η


   x n


  Δ  (  1  n + 1 Δ  ( ( n + 1 ) Δ    ( Δ  x n )   1 5 ) ) +  1  ( n + 1 ) ( n + 2 ) Δ    ( Δ  x  n + 1 )   1 5 +  ( n + 1 )  x  n − 1   1 5 = 0                         ( 5 . 1 )


   a n =  1  n + 1 ,  b n = ( n + 1 ) ,


   p n =  1  ( n + 1 ) ( n + 2 ) ,  q n = ( n + 1 ) , η =  1 5


  σ = 1


     Δ  (  1  n + 1 Δ  y n ) +  1  ( n + 1 ) ( n + 2  ) 2  y  n + 1 = 0                                 ( 5 . 2 )


   {  y n } = ( n + 1 )


    ∑  n =  n 0 ∞    1  ( n + 2 ) = ∞


    ∑  n =  n 0 ∞   1 = ∞


    lim   inf  n → ∞     ∑  v =  n 0 − σ  n − 1   ( v + 1 ) ( v + 2 )  (   ∑  s =  v 1  v − 2        (   ∑  t =  s 1  s − 1       ∑  j =  t 1  t − 1      1  ( j + 2 ) )   1 5 ) >  1 4


   lim  n → ∞     ∑   n 1  n − 1    (   ∑  t = s ∞       ∑  i = t ∞      1  ( i + 2 )   ∑  j = i ∞     ( n + 1 ) ( n + 2 ) ) = ∞


  Δ  (  1  n + 1 Δ  ( ( n + 1 ) Δ    ( Δ  x n ) 5 ) ) +  1  ( n + 1 ) ( n + 2 ) Δ    ( Δ  x  n + 1 ) 5 +  ( n + 4 )  x  n − 1 5 = 0                     ( 5 . 3 )


   a n =  1  n + 1 ,  b n = ( n + 1 ) ,


   p n =  1  ( n + 1 ) ( n + 2 ) ,  q n = n + 4 , η = 5


  σ = 1


     Δ  (  1  n + 1 Δ  y n ) +  1  ( n + 1 ) ( n + 2  ) 2  y  n + 1 = 0       ( 5 . 4 )


   {  y n } = ( n + 1 )


    ∑  n =  n 0 ∞    1  ( n + 2 ) = ∞


    ∑  n =  n 0 ∞   1 = ∞


    lim   inf  n → ∞     ∑  s =  n 0 − 1  n − 1      (   ∑  t = s  s + k     t + 2   ∑  i = t  t + k      1  ( i + 2 )   ∑  j = i  i + k     ( j + 4 ) ( j + 2 ) )   1 5 >  1 2

