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Abstract

The purpose of the present paper is to determine the necessary and sufficient condition for the power
series M,.(p, B)h(B) whose coefficients are probabilities of the Borel distribution to be in the
subclasses TS;.(y, 6,1, B) and TK,.(y, 8,1, B) of multivalent functions defined in the open unit disk.
By introducing application of fractional calculus, we derive certain interesting geometric properties
such as coefficient estimates, extreme points and convex combination.
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Introduction

Let S(r, m) represent the class of functions that
are analytic and multivalent in the open unit disk
U={(eC:|{| < 1} with the Taylor series
expansion

h(Q) ="+ Zirim b (rm €N). (L1)

We denote T(r,m) c S(r,m) consisting
of functions of the form

hQ) = ¢ — Z b (b = 0,7,m € N).

k=r+m
(1.2)

Let H denote a Complex Hilbert space and B
be a bounded linear operator on H . For a function
h that is analytic on the unit disk U, the operator
h(B) is defined by the Riez- Dunford integral
(Dunford & Schwartz, 1958) as

1 ]
h(B) = g7 | A@G1 =)™

Where [ is the identity operator on H and C
is a positively oriented simple closed rectifiable
contour contained within U, enclosing the
spectrum s(B). This operator can also be
expressed as a power series (Fan, 1978, 1979)
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[oe]

o
h(B) = Z %Bk

k=0

Which converges in the norm topology. Let
Sy (r,y) and G, (r,y) denote the subclasses of
S(r,m) consisting of multivalent starlike and
convex functions of order y where 0 <y <r. A
function h € S(r, m) belongs to these classes if it
satisfies the conditions,

9{{%}>yandfﬁ{l+%;g)}>y

Respectively as introduced by Silverman
(1975). Moreover, it is established (Goodman,
1983; Owa, 1992) that

h(¢) € Cyy(r,y) if and only if =% € 5;.(r, ).

In Geometric Function Theory, elementary
distributions such as Poisson, Binomial and
Pascal have been investigated from a theoretical
perspective (Altinkaya & Yalcin, 2017; El-Deeb,
Bulboaca, & Dziok, 2019; Nazeer, Mehmood,
Kang, & Har, 2019).

A discrete random variable x is said to have

a Borel distribution if it takes the values 1,2,3, ...

. e e”P 2peT2P 9pZ2e~3P
with the probabilities —, L xre
1! 2! 3!

respectively, where p is the positive parameter.
Wanas and Khuttar (2020) defined the Borel
distribution whose probability mass function is

) ) aun

_ (wte

P(x =u) = L, u=123,..

u!

Wanas et al (2020) introduced the power
series whose coefficients correspond to Borel
distribution probabilities (BD) as

o (Pl et
No(p, )= ¢ o gy LI D

= (r + Zf=r+m (pk,r(p)(k

(1.3)

where 0 < p <1 and

(p(k = r))c=tempkr)
(k—7)!

Pir (,0) =

We consider a linear operator M,.(p, {) h({):
T(r,m) » T(r,m) defined by convolution
(Hadamard product)

M,(p, ORE)= Ne(p, ) * h(?)
N (pk—r)erleeltn
- ( B k=r+m (k a T)!

big"
(1.4)

where b, 20,0 <p<1land{ €U.
If h(B) is defined by (1.2), then

M, (p,B)h(B)= N,(p, B) * h(B)
(p( = 1)+ 1empon
k=) biB*

(1.5)

Definition 1. (Owa, 1978) The fractional integral
operator of order 9(J > 0) is defined by

=B —

k=r+m

_9 _ 1 1 BYn(tB)
D5” = 1055 Jy oo dt (1.6)

where h is analytic in a simply connected
region of the complex plane containing the origin.

Definition 2. (Owa, 1978) The fractional
derivative operator of orderd(0 <9 < 1) is
defined by

9 1 d 1 B n@B)
o9 dt (1.7)

B 7 ra-9)at’o

where h is analytic in a simply connected
region of the complex plane containing the origin.

Applying Definitions 1.1 and 1.2 to
functions h € T (r,m), we obtain

_ T(r+1) I'(k +1)

9 __ N V) pr+9 NS k49

Dy _F(r+19+1)B l"(k+19+1)b"B
(1.8)

and

o_ Lo+,  TUk+1) b g

BTrr-9+1) T(k—9+1) "
(1.9)

The operator on Hilbert Space was recently
considered by few researchers (Chrakim, Lee, &
Lee, 1998; Ghanim & Darus, 2008; Rosy,
2001).This article focuses on analyzing the
geometric properties of two specific subclasses,
namely TSy (y,8,n,B) and TK,.(y, 3,1, B).
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Main Results

The Subclass TSy (y, 5,1, B).

Definition 1. A function h € T(r,m) is said to
be in the class TS, (y,d,n, B) if it satisfies the
inequality.

1B(M.(p, BYR(B))" — r(M,.(p, B)h(B))|| <
8|lyB(M.(p, BYR(B)) — (r =) (M. (p, ORBY)||  (2.1)

for0<y<1,0<6§<1,0<n<nrreN
and all operators B with ||B|| <1 and B # @,
where @ is the zero operator on H

Theorem 1. Let h€T(r,m), then he
TS;(y,8,n,B) for all B # @ if and only if

(pk =) te P* D[k — 1) + 8§ (ky + 7 —1)] b
(k—1)! k

k=r+m

<dé@yr+r—n)

where 0<y <1 0<6<51,0<n<r,
r €N,k > 2 and 0 < p < 1. Sharpness for the
result is given by the function

h({)
= {T
_ S(yr+r—n)(k—1)! "
(pUe =7))" " e[k =)+ 6Cky +7=m)]
k=2 (2.2)

Proof. Suppose h € TSy (y,d,n, B), then

IB (M, (p, BYA(B))' — (M, (p, BYR(B))|

—6llyB (M, (p, BYR(B))' — (r — 1) (M, (o, B)R(B))

~ i (k =)(p(k =)< "1k
(k—=n)!

by B*

k=r+m

=6ll(yr + 7 —m)B"
(p(k =) rePE D (ky + 1 — 1)

b B¥|
— !
k=r+m (k T).
(k = r)(p(k = r))FTle Pk
< T bellBII*
k=r+m :

~8(yr +r =Bl
(U= )T e P b (ky +7 — )
(k—1)!

billBII*

k=r+m

B i (ol =) te P * Dk =) + 8y +r =]

—7)!
k=r+m (k T) '

—S(yr+r—n) <0
= h €TS:(y,6,n,B).

To establish the converse, assume h €
TSy (y,6,n,B), then

|B(M,.(p, BYh(B))" — r(M,(p, BYR(B))I|
< 8llyB(M,(p, B)h(B))" — (r —n)(M,p, B)h(B))||

(k= )(pCk =) emplm)
(k—1)!

= ‘ - kak

k=r+m
<s H(yr +r—n)B"

KT emp ) (ky 41 — 1)

(k—1)!

_ i (pCk =)

k=r+m

by B*

SetB=sI(0<s<1),

k-r—1
Kk — Kk — =p(k=1)
Z};.O:rﬁn ( r)(p( (k ?1)] ¢ ka

k-r—1
- (k—1) e Pk (ky +1r—1n)
r+r—ns" = X rim (p ) =) 4 n by sk

< 8. (2.3)

By clearing the denominator and letting s —
1, we obtain

(k=) (p(k —r)* e P&,
k=r+m (k - T)! *
<8@yr+r—mn)
' (k=) e P by + 7 )
(k —1)! e

k=r+m

Thus,

(pUe =) e PED[(k — 1) + 8(ky + 1 = 1)]
(k—7)!

by,
k=r+m

<8§@yr+r—mn).
Corollary 1. If h € TS, (y, 8,1, B), then

b < Styr+r—n)k—r)!
“ = Gole=— ) 1e P T e — 1) + 3(ky + 7 =]

k> 2. (2.4)

Theorem 2. If h € TS (y, 8,1, B), then

1p57 (B
rtr+1)
P —
“Tr+9+1)
S(yr+r—mm!Tr+m+ DI +9 + D|B|I™
(pm)m-te=Pmm + §(ky +r =T+ DIr+m+9+1)
2.5)

BII™+* [1

and

Dz h(B)||
rr+1)
L T+
“Tr+9+1)
S(yr+r—mm! T +m+ DI +9+ D|B|I™
T omy" e m + 6y + T I+ DG +m+ 9+ D
(2.6)

IBII™+* [1

Sharpness for the result is given by the function
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h(Q) = ¢ — S(yr +r —mm! grem Multiplying both the sides by ||B||” and dividing
(pm)ym~te=Pm[m + §(ky + 1 —n)] by the scalar I'(r + 9 + 1)/T'(r + 1), we obtain
(r,minN). 2.7)

Proof: Suppose that h € TS;(y,§,n,B) then by
(1.8) we have

r(r+9+1) s
WB D3°h(B)
— T(k+ )@ +9+1)

=B —
T(r+ DIk +9+1)
m

k=r+

by B*

—B - Z Wk, 9)b, B,

k=r+m
Where

Tk + DI +9+1)

VD) = T DT D)

(k=r+m,r,meN).

Since for k>=r+m, as the value of
k increases y(k,9) decreases

Ttk + DI +9 + 1)
T(r+ DI(k+9+1)
(2.8)

0 <k, 9) <P +m,9) =

Using Theorem 2.1 and (2.8), we get
T +9+1)

‘ rr+1)

<lBlr+ ).
k=r+m

< IBIM+ w0 +m B> b
k=r+m
< |IBII"
Syr+r—n)m!T(r+m+ VI +9 + V|B|I"™™
(pm)m~te=Pm[m + 8(ky +r —m)IT'(r + DI'(r + m+9 + 1)

B’ﬁDgﬂh(B)“

Yk, Db, |IBII*

Multiplying both the sides by ||B||Y and
dividing by the scalar ['(r +9 + 1)/T(r + 1),
we obtain

[IDz° (B |

Fr+1)
*Ter+9+1D
S(yr+r—nm!Tr+m+ DI +9+ 1)|B|I™

18I+ |1

(pm)™te=Pmm+ 8(ky +r —m)IT(r+ DI'(r+ m+9 + 1|

Also

”F(r +9+ 1)
'r+1)
2 ||BII" = TR sm ¥ (k, )by || BJ|*
Z |IBII" = (r + m DB ™ Eir+m bi
- ||B||T _ S(yr+r—-n)m!T(r+m+1)T(r+9+1)||B||"t™
- (pm)M—te=PM[m+8(ky+r-n)|T(r+1)T(r+m+9+1)

B=00;°h(B)|

l[D5°n(B) ||
rtr+1)
TTr+9+1)
Syr+r—nm!Tr+m+ DI +9 + 1)|B|I™
B (om)m-te=Pm[m + S(ky +r —m)Tr+ DIr+m+9 + 1|

IBI™*? |1

A direct consequence of Theorem 2.2 by
taking 9 = 1 is given below.

Corollary 2. If h € TS, (y, 6,1, B), then

1
Bh(tB)dt
< ’ 1 B r+1
S(yr+r—nm!(r+1) m
* (pm)™-te=Pmm+§(ky +r—n)](r+m+1) Il ]
and
Bh(tB)dt
0
1 +
S(yr+r—nm!(r+1) m
T (em)™ e P [m+ d(ky +r —n)](r + m+ 1) 51l ]

Theorem 3. If h € TS (y, 8,1, B), then

[DZrB)||
|BlI"? [1
Syr+r—n)m!T(r+m+ DI —-9 + D|B|I™

(om)m™=te~rmm+S(ky +r—mIIr + DI +m -9 +1)
2.11)

and

[DEr®||
r'r+1) ,
_mIIBII dp
S(yr+r—nm! T +m+ DI -9+ D|BI™
~ (pm)mte P m + 6 (ky + 7 —mIT(r+ DIG +m =9 +1)
(2.12)

Sharpness for the result is given by (2.7)

Proof: For h € TS;(y,d,n,B), it follows from
(1.9) that

T(r—9+1) T(k+1)I(@r—9+1)
——=BDZh(B)=B" - ——— —}p, Bk
T(r+1) s h(B) (Lo T+ DI(k—9+1) b
=BT = ) ¢ 9bBY

k=r+m
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Where

Fk+Dr(r—9+1)
Fr+Drkk—-9+1)°

¢k, 9) =

Since for k = r + m, as the value of k
increases ¢ (k,J) decreases

r(k+1)r(r-9+1)

0 <¢k9) < d(r+m9) = T

(2.13)

An application of Theorem 2.1 and (2.13) gives

Ir—9+1)
r(r+1)

BﬁD},?h(B)”

<IBIT+ D ¢ 9 bellBI*

k=r+m
[ee]

<IBI + @G +mDIBIT™ »' by
k=r+m
<|BlI"+
Syr+r—nm!T(r+m+ DIrr—-9 + 1| B|I"™

(pm)mte=Pmm 4+ S(ky +r —mITr+ DI(r+m -9+ 1)

Multiplying both the sides by ||B||~? and
dividing by the scalar T'(r —9 + 1)/T(r + 1), we
obtain

IDgr(B)|
rr+1) .
STr—9+1 BI™= |1
Syr+r—nm!Tr+m+ DI -9+ 1)|B|I™
(pm)™te=Pm[m 4+ §(ky +r —mIFr+ DI +m -9+ 1)

Also

rr—9+1)
r(r+1)
21817 - )

Bﬂugh(B)H

Bk, 9)blIBII*
+m 0
= IB|I" —¢(r+m,19)IIB||”’"Z b
k=r+m
2 IB|I" -
Syr+r—mm!'Tr+m+ DI(p -9+ 1)|B|™™™

(pm)m-le=Pmm + S(ky +r — )T+ DI(r+m—-9 + 1)

Multiplying both the sides by ||B||~? and
dividing by the scalar T'(r —9 + 1)/T(r + 1), we
obtain

(MG
rr+1) o
2 mllBll 1
B S(yr+r—nm!Tr+m+ DI -9 + 1|B|I™
(om)mte=Pmm+§(ky +r—n)T(r+ DIL(r+m—-9 + 1|

Theorem 4. Let h.()) = ¢ and

[ . k — !
h(@ =T - SENUR Sl Sl

then h € TS; (y,6,n, B) if and only if it can be
expressed in the form:

h(c) = ercr + Zl’io:r+m®khk(<) (214)

where ©, > 0,0, = 0,k > r + m and 0, +
2lio=r+m@k =1

Proof: If h is expressed in the form (2.14), then

h(®
= 0.

+ 2:{Olz=r+m}®k Zr
syr + t — Nk — NI
k_r_le‘{P(k‘r)}((k— r)+ 8kr +r — 1))

S(yr+t-mk-r)! 0 Zk
“te{ptk =D} ((k—r)+ S(kr + r — 1)) k

 (pk - )

=T - .
( {k=r+m} (p(k _ r))k -r

Hence,
= Syr + T — )k — !
o (p(k — r))k_r_le’“’(k*r))((k— r)+ 8kr + Tt — n))
(pk — r))k_r_le’{p“‘"))((k— )+ 8kr + T — n))@
x S(yr +r — )k — 0! k
Derm @ =1—-0, <1
= heTS;(y,6,nB).

Conversely, suppose h € TS;:(y, 8,1, B), then

ek - r))k_r_le‘“’(k‘r)}((k— )+ 8kr + T — n))b
= e

O S(yr + r— )k — n)!

where by, is given by (2.4). Then

h()=4{"+
= SGr+1—1)(k — )10,
2. GEF eI+ S T
I I GET N
k=r+m
- (1 - @k><’ + ) 0
k=r+m k=r+m
=007+ ) 0 ().
k=r+m

Theorem 5. The class TS;(y,8,n,B) is closed
under convex combination.
Proof. Forn = 1,2,...and h,, €

TS (y,6,m,B), hp($) = - Zf=r+m bk,n{ks

we have

(p(k =) te= Pk ((k—r) + 8Ckr + T — 1))
< 8kr + r — Nk -l
(2.15)

k

(pk = 1)

e P&=O[(k —7r) + 8Ckr + r— )]
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For Yn-1 1, = 1,0 <1, <1, the convex
combination of h,, may be written as

i Mnhn(() =" — i (i nnbk,n><"‘-
n=1

k=r+m \n=1

By (2.15), we get

D (plhe =17 ie Dk = 1)

k=r+m
+ 6(](]/ +r— TI)]) (Z nnbk,n>
n=1

=D, | D, (ol =r)rte=re[G 1)
z <k=rz+m

n=1

+8Cky + 1 —m1)bia
< Xh=1 Tln(fs(l’TO;Ir r=mk—r)=86(0r+r—n)k-—r)!

= 1ha(@) €T (16,1, B).
n=1

Corollary 3. The class TSy (y, 8,1, B) is a convex
set.

The Subclass TK,.(y, §,1, B).

Definition 2. A function h € T'(r,m) is said to be
in the class TK,.(y,6,n,B) if it satisfies the
inequality

1BCM, (o, BYR(EY) + (1 = 1) (M, (o, BIR(B)) || <
8lvB(M. (o, BYR(BY) = (r =1 +
V(M. (o, BYR(B)) ||

(2.16)

for 0<y<10<d6<10<n<rnre
N and all operators B with ||B|| <1 and B # @,
where @ is the zero operator on H.

Theorem 6. Let h € T(r,m) be defined by (1.2).
Then h € TK,-(y,6,n,B) for all B # @ if and only
if

(ol =) te P& D k(k — ) + Sk(ky + 1 — )by
r(k —r)!
<S(yr+r—mn)

k=r+m

where 0<y<10<6<1,0<n<
r,r €N,k >2 and 0 < p < 1. Sharpness for
the result is given by

h({)
=
B Sr(yr+r—n)(k —1r)!
(pCk — r))kirile‘f’("‘r) [k(k — 1) + 8k(ky + 1 —1)]
(2.17)

k

Corollary 4. If h € TK,.(y, 5,1, B), then

Sr(yr+r—n)(k —1)!

Pl = e = YT Te= PP k(e — 1) + k(ey + 7 =)’

k= 2.
(2.18)
Theorem 7.If h € TK,.(y, 6,1, B), then ||D5°h(B)||
rr+1) o
$m”3” 1

Sryr+r—mmiT(r+m+ DI +9+ D||B|™
(om)™Te~Pm[mk + Sk(ky + 7 — )T + DI +m+9 + 1)

(2.19)

and

l[Dz°h(B) ||
rr+1)
TTr+9+1)
Sr(yr+r —n)m!T(r+m+ DI +9 + D|BI™
B (pm)mte=Pmmk + Sk(ky +r —)IT(r+ DIr+m+9 +1)

11:] i [1

(2.20)
Sharpness for the result is given by
h(O)
o Sr(yr +r —n)m! rem
=< (pm)m-te=Pm[mk + Sk(ky +r —n)] o
(r,m € N).
(2.21)

A direct consequence of the Theorem 2.7 by
taking 9 = 1 is given below.

Corollary 5. If h € TK,.(y, 6,1, B), then

f 1Bh(tB)dt

<

a1 1
or(yr+r—nm!(r+1)

r+1

* (pm)mLle=Pm[mk + Sk(ky +r —n)](r + m + 1) Bl
and
1
f Bh(tB)dt
0
2 mIIBII”1 [1
SGr+r—mm!(r+1) _—]

T (pm)™le=Pm[mk + 8k(ky +r —)](r + m + 1)
Theorem 8. If h € TK,.(y, 6,1, B), then

[DERr(B)|
rr+1)
“Tr—-9+1)
Sr(yr+r—mm!Tr+m+ DI -9+ 1)||BI™
(pm)mte~Pm[mk + Sk(ky +r —m)IT(r + DIr+m -9 +1)
(2.22)

117 e [1

and
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IDgr(B)|
F(r+1)
>~ 0 7
TTr-9+1)
sr(yr +r —np)m!T(r+m+ DI'(r—9 + 1|IB|I™
(pm)m-te~Pm[mk + Sk(ky + r —m)IT(r + DI(r+m -9 + 1)

11:] [1

(2.23)
Sharpness for the result is given by (2.21)
Theorem 9. Let h,.({) = {" and
hk(() _ Zr Sr(yr+r-n)(k-r)! (k’

* (pUemr))R T e PO [e(k—r) + Sk ey +7-)]

where k >r+m. Then h € TK,(y,6,n,B) if
and only if it can be expressed in the form:

h($) = 0,37 + XkZrim Orhi($) (2.24)

where (0, 20,0, =0,k =7+ m ) and

Theorem 10. The class TK,.(y,8,n,B) is closed
under convex combination.

Corollary 6. The class TK,.(y, 8,7, B) is a convex
set.

Results of the above theorems and
corollaries in TK,.(y, 8,7, B) can be proved akin
to the subclass TSy (y, 6,1, B).

Conclusions

This research article deals with coefficient
estimates, extreme points and convex
combination of functions in the newly defined two
subclasses TSy (y,6,n,B) and TK,.(y,6,n,B) .1t
also opens new avenues for the analytical
treatment of multivalent function classes in
complex Hilbert spaces using operator- theoretic
and fractional calculus techniques. The
underlying structure invites further generalisation
and gives a potential future direction which might
include investigating the structural implication of
fractional  differential  subordination, also
formulating analogues of classical distortion,
growth and covering theorems under the influence
of fractional and distributional operators.
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