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Abstract

Background and Objectives: Functionally Graded Materials (FGMs) are garnering significant
attention in engineering due to their versatile applications in structural components, especially
in plate structures. Their properties, which vary continuously with thickness, enable the tailoring
of mechanical properties and resistance to meet specific operational needs. Analyzing the
bending behavior of thick FGM plates on elastic foundations is nevertheless a complicated
task, requiring consideration of the interactions between the plates and the foundations as
well as the implications of variation in material properties with thickness. Although Finite
Element Method (FEM) and other analytical approaches have been extensively developed

to analyze the bending of thick FGM plates on elastic foundations, such methods continue
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to encounter limitations in managing complex boundary conditions and structural shapes.
Consequently, in this research, the Boundary Element Method (BEM) was developed as an
alternative for analyzing thick FGM plates on elastic foundations.

Methodology: The governing equations and boundary conditions were derived using the
principle of virtual work, based on the first-order shear deformation plate theory. The properties
of FGMs were modeled using a power law distribution model. The presented method was
developed using the concept of the Analog Equation Method, where the differential equations
of the original problem were substituted with three Poisson’s equations under fictitious forces,
maintaining the original boundary conditions. These fictitious forces were generated using
techniques based on the Boundary Element Method and approximated using radial basis
functions. The reliability of the proposed method was assessed by comparing the results of
the present research with outcomes from other established approaches.

Main Results: The numerical results obtained from the proposed method are highly accurate
and precise when compared to those of other relevant research, demonstrating convergence
of the solution as the number of boundary elements and internal nodes increases.
Furthermore, it effectively analyzed thick FGMs plates on elastic foundations under complex
conditions, such as an elastic support and elastic restraint, or plates with various shapes.
Such complex problem has not been investigated in previous research studies.
Conclusions: The present research developed the Boundary Element Method (BEM) in
conjunction with the Principle of Analog Equation to analyze the bending of complex thick
plates made from Functionally Graded Materials (FGMs) resting on elastic foundations,
considering both the boundary conditions and the plate shapes. The results demonstrate
the accuracy and efficiency of the proposed methods, capable of accurately simulating
the interactions and effects of material properties and various parameters on the bending
response of the plates.

Practical Application: This study proposes an effective method for analyzing the bending
of thick plates made from Functionally Graded Materials (FGMs) on elastic foundations,
capable of analyzing plates with complex shapes and boundary conditions that are common

in real-world applications. This allows for the safe and efficient design of such structures.
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Figure 4 Discretization of the FG plate
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ININABT W, 5 1Bng 510,00 | lanauniiadluaunisy (7)-(11)

Numerical Results and Discussion
msAnwazuuseaniliu 5 dwfe 1) Maleszinisgdnvesdneuandvaulnuanelulawm
2) NIATIIABUANNYNADIVBINANITIAT AL E U UAUNUITERY 3) MsAnwIngFnssy

[ 1

YDURUTIUINUUT U INEavgulneiitoulugusesiuiuuing 9 4) Msfnylugdaveduruiiuh

1 U £

9n¥an FaMs Tnelaunissuuuudu 5) msussandliiBumniodundtuusiuiuitsussdudou

1) M3Anszinsgdinvesanauandiuiulnuanielulawu
finsaniiuneuninguiinasudniauuin a x a = 400x400 au. idarumuinty A = 60

g1, figiusesusssumuuuidanazgnusansiuvaiaewindy g = 500 nn/ns.a. Ml

[y

eunimilenlugdadanguiiiu £ = 2.40x10° nn/n3.au. IagldiuasuninnauugiusinBemegui
fianlugdataveuvesgiusinuuulsiin K=(ka* D) % wiriu 1 uag 3 dwsuluideilldimunln
A Power index fidugug uazlisiuueduuiveuwnviiu N=200 lngaglidunlnaniglu
Iouilinsening M = 169-441 Wefnwnavesdnnulnunnislulamusonisaivesdney deua

a cay v ° = a 1Y) a ¢y  aa . . Ao o
nassrnldagthunUSsuieuiunan1sIaseaeds Levy type single series 9N91W3387
[1] 910 Table 1 uag Table 2 WuinA1ANARIAAGOUYDIAINISIAG ( W= Dw/ga* ) aglus

0.219-1.055% d@upuaaaadeuluiumudidn (M. =M_/qa® ) ag/luYa 0.180-0.920% a
dlothieyaain Table 1 uay Table 2 lundonnswagldmnudiudasgud 5 anfiuindediuu
IwummﬂuimLmuﬁmLﬁuﬁu%ﬁﬂﬁmmﬂmmmLﬁﬁauﬁmamaﬁaLLamﬂﬁLﬁuﬁqmiéLsé’hﬁuaaﬁﬂ
MOUBENTINT

Table 1 Comparison of non-dimensional deflections and bending moments at the center
of a thick plate on elastic foundation ( K=1)

Deflection, W Bending Moment, Mxx
M Present *Error (%) Present *Error (%)
169 4.4743E -03 1.055 4.7291E -02 0.920
225 4.4896E -03 0.716 4.7433E -02 0.622
361 4.5067E -03 0.338 4.7590 E-02 0.293
441 4.5118E -03 0.2 26 4.7638E -02 0.193

*Note: From [1], non-dimensional deflections and bending moments are 3 = 4.522FE —03

and Hu =4.773E — (2 , respectively.
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Table 2 Comparison of non-dimensional deflections and bending moments at the center

of a thick plate on elastic foundation ( K=3)

" Deflection, W Bending Moment, Mxx
Present *Error (%) Present *Error (%)
169 3.6104E -03 1.031 3.7516E -02 0.856
225 3.6226E -03 0.696 3.7621 E-02 0.579
361 3.6360E -03 0.329 3.7737E -02 0.272
441 3.6400E -03 0.219 3.7772E -02 0.180

*Note: From [1], non-dimensional deflections and bending moments are 35 =3.648E — 03

and M .. =3.784E —02 , respectively.

1.1 T T T T T

—S— Deflection (K=1)
1r —A— Deflection (K=3)|
Moment (K=1)
09 F — A—-Moment (K=3) |
0.8 1
0.7 1 1

% error
o
»
T

051

04r

03r

0.1 | s s s .
150 200 250 300 350 400 450

Number of Internal Collocation Point (M)

Figure 5 Convergence of the solution

2) NINTIVHIUAINYNABIVIINANITIATIEN
Tnan1sfnwinietazudasanilu 2 nsdlldun 1. nsdluduiiuvmululinneuugiusndanegu
uay 2. uuiumnfaugundangu
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Forsanusuity FGMs fiauin @ x a = 1x1 4. sisnsiam A / a = 0.15 Tnefideuly
FIUTRIUSTIIAMUUULTIUREgNUsINTEYUUUNSEM A ELeU g = 5.0x103 Tafu/maa.
Mmualdelugdatinneuveddansuaziwsiindawiiu £ = 7.0x10" fdu/msw. uay E =
3.80x1011 fadfu/miy. anudidy Tumsinsesitazlicisfegnandangu (K=0) uazasld
Srumedwusveuwn N = 400 wazsnulnuanislulawy M = 441 namsheseiilaazi
TuSeuleufunansinseiiléainds Navier's approach daduis@slinseiainauided
[4] Table 3 wansnsiAsFRdusinanwe ULz fiuindmeeufildanauisuiiin
donadeudustefifunanisinseifildandsdiaassi felinnurainndouvaanisiiea

(w=E h'w/qa") 0gluras 0.14-0.25%

Table 3 Comparison of non-dimensional deflections at the center of a thick plate

Non - Dimensional Deflections, w =Ech3w /qa’
Power index (p) Error (%)
Present Analytical [4]
0.5 7.0575E - 02 7.0749E - 02 0.25
1 8.3453E - 02 8.3655E - 02 0.24
2 9.80E -02 9.82E - 02 0.23
5 1.22E -01 1.22E-01 0.21
10 1.49E -01 1.49E- 01 0.21

2, LLcJuﬁuugU?%m?iauﬁq%’amwugmsmﬁwsju
ﬁiam%‘ﬁﬂmﬁLﬂiﬂzﬁLLﬂiu‘ﬁugﬂ?im?am%’ﬁﬁmmm a x a = axa . fnsuugusndangy
(K =1,3) uagilpusesiusssuauuundsiignussuuunsneainauenssyiuiiiu g = 5.0x10°
fostw/ms . Tnetmuslsimlugdadiovguuosusiuiuiidvinty E = 3.80x10" fadu/msn. Tums
Ansitiaglddunuedunduoun N = 400 uazsnulmnniglulasuintu M = 441 fil

AmuralnazinluilSeuiisuiuammnaunkiunse (Exact solution) 9109113389 [1] Fauandband

Table 4 91NWaNISIATITRIBIILIIANUARIAAREUYRINSIN (W= Dw/ga®) fiAaglugg

0.025-0.324% WagANuAMALAARUYEUILARA (M« = M / ga*) Sidnaglutag 0.130-0.249%

Fawansbiuirnugniesiawerisninauelunuidedlunneesnidw h / a
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Table 4 Comparison of deflections and bending moments at the center of a thick plate

Bending Moment,

. - _ 4 -
= | h Deflection, w = Dw / ga M =M /qa
K=" a hid xx xx
D a Error Error
Present Exact [1] Present Exact [1]
(%) (%)

0.10 | 4.2473E-03 | 4.2610E-03 | 0.322 | 4.7621E-02 | 4.7740E-02 | 0.249

1 0.15 | 4.5119E-03 | 4.5220E-03 | 0.223 | 4.7641E-02 | 4.7730E-02 | 0.186

0.20 | 4.8788E-03 | 4.8800E-03 | 0.025 | 4.7638E -02 4.770E-02 | 0.130

0.1 3.47E-03 3.48E-03 0.324 3.83E-02 3.83E-02 0.23

3 0.15 3.64E-03 3.65E-03 0.23 3.78E-02 3.78E-02 0.19

0.2 3.87E-03 3.87E-03 0.207 3.71E-02 3.72E-02 0.175

3. wWuiugUAmAsLwinaer ldneuug s Indaveuy

Tutdeiagyhmatinmesiuduity FoMs sUAmasafiudnunn @ x b = 1x3 1. fifiarum
h = 0.1 1. fainsuugrunnBangu (K =100) uaglinsuugiusndangu ( K=0 ) Fausuii
fideulvgrusesiussaumuuuiduasgnusinsgyiuuunsseaauawintu ¢ = 5.0x10° T/
a5y, Muualilugdadanduvedavsuasiwsiiniiawiny £ = 7.0x10° Idu/msuuas E =
3.80x10"" fasfw/ns.a. mudeiu lumshemeidarldsnnueduudvouaawiiu N = 400 uas
Tunulnuanelulamumindu M = 441

Table 5 uanwwan1siaszniAwalfUTouTioutunavesaudded [11] 3514 hisher order
shear deformation theory lunsAunas annwassnananuimantsuadildanmidseiiao

1Y

aonnnesiunuIden [11] lneinannuunnsedidiegluyie 0.390-2.740%
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Table 5 Comparison of non-dimensional deflections at the center of a thick plate

. — 4
. 4\/@ Power Index Deflection, w = 100D w /qa

resen NnalytiCa Irrerence (o]
(p) P t Analytical [11] | Diff (%)

0 1.2516 1.2582 0.525

0.5 1.9873 1.9343 2.740

0

1 2.5031 2.5132 0.402

2 3.1489 3.2266 2.408

0 1.2195 1.2259 0.522

0.5 1.9077 1.8589 2.625

100
1 2378 2.3873 0.39
2 2.9532 3.0218 227

3) NSANYINGANTTUVBIMNUNLISUUFIUTINBavdulaeiiRaulugusasfukuunig 9
Tumdellaziluns@neingfinssuvesuduiiy FGMs 2suugiusindangu Tasazligiu

v Ao a ! o ! < ] = Yoo LY <
seesulianwazuanaaiuduUteanlunaun 6 nsal takn 1. §Ius05UsTIUALUULD (SSSS)
2. §1UsBIT UL UUEARIL (CCCO) 3. §1UT0TURUURANTEINEakIuRUgIUTeISuRUURATE (CFCF)
4. §IUTOISULUURALSE NI NG IUTOITUSTTUALUULTSTUgIUTOISULUUBALYY (SCSC) 5. §1UT095U

v Y

WUy Elastic support Wag 6. gmiaﬂ%’mwu Elastic restraint ﬁmuﬂﬁlﬁusiuﬁmﬂugﬂ?%mﬁ'ammﬁ
WA @ x @ = 1x1 4. Savwmun A = 0.15 1. uazgnusinsevuuunszeamiauewiniy g =
5.0x10° fdu/ms.a. lumsinsziagldsnaueduudveuan N = 400 uazlvunnielulaimuy
M = 441 dulugiadavguveslanvuaziwsindldwiiu £ = 7.0x10" thdu/msa. uweg £ =
3.80x10" f/AT.4. ANUAIAY

Table 6-9 wansrnnslnsuaslusuddafisumifnaruiuiiudmiugiusesiunsdd 1
84 4 muaiu kan1sIesITERenaaunsaliduandnddnsuiUieuiisunisnsinaeunugn
Fososuiteuluewiandmsuusuiuiiisusesuuuudng o uazduanddiiuiofivesisi

iawsluridfeiluminszigiusessunianurainvaisdudeulaed1aiiusednsnin
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Table 6 Deflections and bending moments for a thick plate with hard type simple support

43

(SSSS)
K= 4 ka? power Index, p Deflection, Bending Moment,
D ’ w=E Iw/qa’ M=M/qa’
0 4.9400F -02 4.7 700E -02
0.5 6.5000F -02 4.3700F -02
1
1 7.34E 02 4.16F -02
2 8.20E -02 3.94F -02
0 3.98F -02 3.78E -02
0.5 7.50E -03 3.00E -03
3
1 5.60F -03 1.46E -03
2 4.60F -03 7.75E -04

Table 7 Deflections and bending moments for a thick plate with clamped support (CCCC)

ka’ i Bending Moment,
K="4|== | Power Index, p _ Diﬂecnon:l — 5
D w=E hw/qa M=M/qa
0 4.9400E -02 4.7700E -02
0.5 6.5000E -02 4.3700E -02
1
1 7.3400E -02 4.1600E -02
2 8.200 OE-02 3.9400E -02
0 3.9800E -02 3.7800E -02
0.5 7.5000E -03 3.0000E -03
3
1 5.6000E -03 1.4600E -03
2 4.6000E -03 7.7457E -04
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Table 8 Deflections and bending moment for a thick plate with cfcf support

ka? Deflection, Bending Moment
K=*|— | Power Index, p
= ’ = 3 4| —
D w=ER'w/qa’ | M =M /qa® | M =M /qa’
XX XX XX XX
0 3.6482E -02 1.0652E -02 4.0449E -02
0.5 4.8112E -02 9.9010E -03 3.7354E -02
1
1 5.49 E-02 9.46E -03 3.57E -02
2 6.25E -02 8.97E -03 3.40E -02
0 3.00E -02 8.73E -03 3.58E -02
0.5 6.57E -03 9.80E -04 3.31E-03
3
1 5.06E -03 5.11E -04 1.71E -03
2 4.24E -03 2.84E -04 9.45E -04

Table 9 Deflections and bending moments for a thick plate with scsc support

) ka? Deflection, Bending Moment
K=*|— | Power Index, p| _ 3 = —
D w=E l’w/qa’ | M =M /qa’| M =M /qa
XX XX XX XX
0 2.7871E -02 3.3147E -02 2.7283E -02
0.5 3.7739E -02 3.1464E -02 2.5761E -02
1 4.3657E -02 3.0510E -02 2.5073E -02
2 5.0475E -02 2.9460E -02 2.4485E -02
0 2.4521E -02 2.8779E -02 2.3623E -02
0.5 6.9873E -03 3.9595E -03 2.9903E -03
1 537T71E -03 2.0693E -03 1.5100E -03
2 4.4671E -03 1.1548E -03 8.3751E -04
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[

Table 10 Uaz Table 11 WAAINANITAIUIUNITINIAILAZILLUARATIAILIUININANIVD LN
° Y] A = & Y] . . a | oAa o A |

dmsunsdin 5 Falugusesiuluy Elastic restraint aganauugusindangunilanlugdaagangu
Yosgrusnwiiu K=1 uay K=3 sudrdu arnuanisiasizidonmnuudeniwoni syl
] L4 a & < & Aa 1Y 13 LYY

Andugud (k = 0) nginssuveauruiivavduuuiuiigmsosiussauauuuunds lumenduiy
mnAuLlunSwon suyuiladlndeetus ( k, — o) wgRnssuvewsuiuaziluwiuiug

T 1usessuluUdaLUY

Table 10 Non-dimensional deflections and bending moments at the center of a thick plate

with elastic restraint support when K=1

Power Index p=0
k. Deflection, W = E _#’ w/ga* | Bending Moment, M=M/qd’
Elastic Restraint SSSS Elastic Restraint SSSS
0 4.9267E -02 4.9267E -02 4.7634€ -02 4.7634€ -02
100 2.0502E -02 T 2.4189E -02 T
10000 1.9508E -02 1.9498E -02 2.3377E -02 2.3369E -02
Elastic Restraint CCcc Elastic Restraint Cccc

Table 11 Non-dimensional deflections and bending moments at the center of a thick plate

with elastic restraint support when K=3

Power Index p=0
k. Deflection, W = E_h’ w/qa’ | Bending Moment, M = M / qa’
Elastic Restraint SSSS Elastic Restraint SSSS
0 3.9751E -02 3.9751E -02 3.7772E -02 3.7772E -02
100 1.862 5E-02 T 2.1696E -02 T
10000 1.7799E -02 1.7790E -02 2.1066E -2 2.1059E -02
Elastic Restraint CCcc Elastic Restraint CCccc

Table 12 wag Table 13 LAAINANITILASIEINNS NS ILAL LLULUUAAATNNINATWEUNUAINUY

IS U d

grusnifianlundavesgiusinuiiu K=1 wag K=3 auadu wazligiusessunsdi 6 3adugiu

5935ULUY Elastic support @asiunsaiudnu drudnassiuimdstmuabidugiusesiuiuuia
1 a ¢ A 1 < [ 1 A aa [ 6 1 1w

Wiy MAmanTleTgiiisrAudanisiemsiadeuiiiidwviiiugud (K =0) Anslasiuay
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Amuuduniwonisiedeuiidrdrlndrrotud (k — o) weinssuvesusuiuazusuiiuiis
FIUTDITUSITUAMUUTDU 2 ATULAZHUUEALUY 2 AU AINNANITIATIENGT Table 10-13 wandli
Wufwsyansnmesiimslemeiiiiiauei %qmmmﬁﬂquamimmLLsJuﬁuﬁﬁwqamimaq
FusesiuTiegseninagusesfulUsTIIARUIUTeaUUBALLL (N3EIAl 5 §1UTOITULU Elastic
Restraint) LAy s¥WINg L0 ULUUSTIIMUTIUT0sFULUUBasE (N3dI 6 §1useefuLU Elastic

Support)

Table 12 Non-dimensional deflections and bending moments at the center of a thick plate

with elastic support when K=1

Power Index p=0
ks Deflection, W = Ech3w /qa* | Bending Moment, M= M/ ga?
Elastic s upport CFCF Elastic support CFCF
0 3.6482E -02 3.6482E -02 1.0652E -02 1.0652E -02
100 2.8655E -02 1 2.7387E -02 0
10000 2.8554E -02 2.8543E -02 2.7565E -02 2.7584E -02
Elastic support CSCS Elastic support CSCs

Table 13 Non-dimensional deflections and bending moments at the center of a thick plate

with elastic support when K=3

Power Index p=0
k, Deflection, W = E h*'w /qa* | Bending Moment, M=M/qa
Elastic support CFCF Elastic support CFCF
0 3.0032E -02 3.0032E -02 8.7294E -03 8.7294E -03
100 2.5681E -02 $ 2.1988E -02 $
10000 2.5045E -02 2.5037E -02 2.3789E -02 2.3809E -02
Elastic support CSCS Elastic support CSCS
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4) msAnwlugasdiavguvacuruny FGMs Tngldauniszuuuuau
Tudeilagfinnsanunuiiy FGMs sUawasuiuinltaunsiugdatangunuuuudiaeves

Mori — Tanaka Homogenization wansldissaunsi (54)

(E —E )0.5+z/h) (54)
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(E j 1
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E 3
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Mori — Tanaka Homogenization

Tumesgiusuiuasimusliuiuiuioun a x b = 1x3 1. faramusiiy
h = 0.1 u. fdeulvreuwavesgiusesiusssuauvunds Wsuuedmudveuwaviniy
N = 400 wazdwulvuaniglulawy M = 441 leenmualilugdadavguvadansiazias
findlewiiu £ = 7.0 10° ddu/msa. way £ = 3.80 10" dadiu/msa. ameawiu wruiy
gnusInTsnsEeainanewiiiy g = 5.0 10° dau/msa. uasfinsanusuiuieTiny

gusmngavgu (K = 100) waglinnavugiusingangu (K = 0) Table 14 wanar1n1slnesiafn
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AINANHUNULALUS s U UAUNUAFEN [11] 3NNNANITIATIZINUINTLAINUAAIALAADUYD

nstasilueglugag 0.004-0.065% Feuansliiuisuszansnmaesisinauelunuided

Table 14 Comparison of deflections at the center of a thick plate with hard type simple

support
: — 3 4
|k’ Deflection, W = E I’w / qa
K=%|—= | Power Index, p
D Present Analytical [11] Error (%)

0 1.2576 1.2582 0.048
0.5 1.9323 1.9343 0.103

0
1 2.5131 2.5132 0.004
2 3.2248 3.2266 0.056
0 1.2255 1.2259 0.033
0.5 1.8577 1.8589 0.065

100
1 2.388 2.3873 0.029
2 3.0222 3.0218 0.013
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0.3 LaggNLsINTEYLUUNSEEadIauomiiu ¢ = 5.0 10° 93fw/a5.4. Mrualikuinnauy

| oaa

Frusndavgunienlugdatavgurasgiusinuiiniu K=1 wag K=3 Table 15 wansrn1sinea
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Figure 7 FGMs plate with the complex shape and boundary condition

Table 15 Non-dimensional deflections and bending moments at the center of a thick plate

on an elastic foundation

K ka2 Deflection, Bending Moment
TND | T P G Eiw/qd! f =vr e B M/ qd
¢ Alm_ﬂém qa yyooyy qa
0 3.0601E-02 2.1915E-02 3.5456E -02
0.5 4.3473E -02 2.1880E-02 3.5474E -02
1
1 5.1697E-02 2.1923E-02 3.5468E -02
2 6.1642E -02 2.2033E-02 3.5442E -02
0 2.6502E -02 1.8420E -02 3.0252E -02
0.5 3.8193E-02 1.8715E-02 3.0753E-02
3
1 4.5730E -02 1.8908E -02 3.098 1E-02
2 5.4796E-02 1.9121E-02 3.1130E-02
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