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Abstract
Background and Objectives: A study of free vibration of shear deformable orthotropic plates

holds significant importance and interest in various aspects. Understanding the vibration
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behavior of these plates enhances the design of stronger and more stable structures,
reducing the risk of damage or structural failure over time. Study of the behavior of orthotropic
plates, with their directional mechanical properties, are crucial for selecting efficient
materials for specific structural applications, such as in aerospace and high-rise buildings.
The application of orthotropic plates extends across advanced technologies in industries
like automotive, aerospace, and electronics. Additionally, the insights gained from vibration
analysis would facilitate the optimization of structural designs, minimizing unwanted vibrations
and enhancing load-bearing capabilities. The boundary element method is known for its high
efficiency and accuracy in solving complex engineering problems, making it an ideal choice for
such analysis. The present study aimed to apply the boundary element method to investigate the
free vibration behavior of thick orthotropic plates under general boundary conditions and shapes.
Methodology: The present analysis is based on Mindlin's theory of moderately thick plates
and formulates the equations of motion using the Hamilton's principle. The proposed approach
employs the principle of the analog equation to determine the frequencies and mode
shapes for free vibration analysis of the plates. This technique involves substituting the
original problem's equations of motion with three Poisson equations under fictitious forces
that conform to the original boundary conditions. These fictitious forces are computed using
the boundary element method and approximated using radial basis functions.

Main Results: To validate the reliability and accuracy of the method, the analysis results
were compared with those of other research. The results show that the error for the first
vibrational mode ranges from 0.035% to 1.236%. Additionally, the convergence of the solution
reveals that the optimal number of boundary elements ranges from 160 to 240, while
the number of internal nodes within the domain ranges from 196 to 400. The proposed
methodology could effectively analyze the natural frequencies and mode shapes of
orthotropic thick plates with general boundary conditions, ranging between elastic support
and elastic restraint. Furthermore, this research investigated the parameters affecting the free
vibration of orthotropic thick plates. The efficiency of the proposed method is demonstrated
by analyzing the free vibration of orthotropic thick plates with complex shapes and boundary

conditions. The analysis shows that the natural frequencies are in good agreement with
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those obtained using other solutions, demonstrating the effectiveness of the boundary
element method employing the principle of the analog equation. The method is capable
of accurately depicting the vibration behavior of complex-shaped orthotropic thick plates.
Conclusions: The solutions obtained from the boundary element method are consistent with
those from previous research, indicating its suitability for analyzing free vibration problems
of orthotropic thick plates. The present study highlights the robustness and precision of
the boundary element method in handling complex geometries and boundary conditions,
making it a valuable tool for structural engineers. The ability to efficiently and accurately
investigate natural frequencies and mode shapes ensures its practical applicability in the
design and analysis of advanced structural systems. Future work could expand on this
research by exploring the effects of different material properties and boundary conditions,
as well as extending the method to analyze forced vibrations.

Practical Application: The proposed method can efficiently analyze natural frequencies
and mode shapes of complex-shaped orthotropic thick plates under general boundary

conditions for use in designing plate structures.

Keywords: Analog Equation Method, Boundary Element Method, Free Vibration of
Orthotropic Thick Plates
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oywusSusuaTaglugUvesnstsnileannns Shafiee wazaaig [5] livinsiasevinisdudase
vowuHuiuAmAsUssamoaTimsalinusznugfidudassanndu mumguiukuus (classical thin
plate theory) wagld35 ludiodmudlunismenanufisssuw Karami uazanse [6] 1933 Differential
Quadrature (DOM) lumsiinszsfusuiiuafiummunuuuaunsiifansosiuuuBamguuuudngs
(elastic restraints) Fawadwsuanslifiuin DOM annsalinadnifsianugndoaasisiuel
Chinnaboon wagane [7] lauszgnaliisunaseduudiuulinuseduudniglulaumiiegey
Jymuwiufiumundiunanswes Mindlin dsendedinsaunisuweuuzdon waiilduandliiviud
Forveizunasedmudiulieanniamsiivouwiniu wazuaasliifuitamusiuiumives
Mindlin Aifideulvrauwmnuuusng 9 aunsaleseildlaedis Hosseini-Hashemi uazanss [8]
iauesnsmAineuudunsslunsinssinisdudassreuiuiiunundimdsnussnn Levy
Tngfiansannsideguiilesanusadeususiviian nowSsuifioumneuiuisidaiiay vioTsnads
Anszh Senmeuiilifiauaenndosiu Thai uaz Kim [9] iuen1siasginisdudaszvesukuiiy
995NN lagldis Levy nuld Refined plate theory wagiUsuuliisuAnauniu classical plate
theory Basfnouiilddenndasiu Senjanovic’ wazan [10] @Ua MR wHnsduvosuRuiiumn
Urunansmamgudusiuiiures Mindlin duauniseyiusauaunsliduaunsoyiusaelfnsiie
iesann1nien Petrolito [11] Anvizliesginisdunaziaiosnmuesikuiiuunesslnmsedn
seslludiediud Innsusedumdiduaumae Ye waganz [12] lauonsUszgndlidney
mneynsumideslaled ielienesinsduressiuiumnaiunnglinguimadesuidosnnuss
\doususuiivils (first-order shear deformation theory) Wang wagan [13] Uszgndlioynsy
yi3uslalul odnreimadubassvesuiuiiunuuuuessiimsatn meldnguinmsdesidesan
usaidoududuiivis (FSDT) MavugusnBangu fifisosiuuuusing 4 saviedfisessumeluusuiiy
warlii5nnsved Rayleigh-Ritz TunsmmauaUieuiisufuisiddnseivioldiaviy 1
Wang wazaniz [14] Uszendld Fourier-Ritz iilefinsnzsinisdudasy melussunuvesusuiiu neld
nufmaidesuidesannusadeususuiivils (FSDT) Aifigaanan 2w uazwnnosveninam
Wisuisummeuiuislwludiedus Pang wazaaz [15] UssyndlteunsumiGeslaled tiiedinses
msdudaszvomsuiiunnanfiunnelinguiniadesidosnusudousuduiuds (FsDT) suwnnos
Yerwnuiifisesfuuuusing q saviifisesfumeluukuitunarldisnsves Rayleigh-Ritz lunns
mameuNUIsuisuiuIsinludlofiuus Ghashochi-Bargh wag Razavi [16] lalausluinanis
AinreiegnshelunmsiinneginisdudassvesuiniliTaneeslnmseUnuasTan functionally
graded (FGM) mumgufiusiuiures Mindlin Wisuifleusneufuisileinandu « Jeeradit [17]
IiinsUszgndlitsunadieduud Tunsiessiuuiumesnisinuuueesinmsedn
Faflanudutiou Katsikadelis [18] Fnauonuglmszendliisnisaunisueuuzdon (Analog Equation
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Methods
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fsauHuiuuIUunandauaitane b Fegnelulamu Q feglussuny

v Y ik ‘:1' A Y Ty da a A o 2
(x,y) wazdausaumevauwsn TUZT, loed T, AawdulAsilinnusiueuiiduiugeme &
(9 Figure 1) Mvualiuduiunuyihaniagidaudinanansuussluusasienislaliviniuiany
firn1aisendt Taneeslnnsetn (Orthotropic Material) NiflAuEnnguLUUBLHY (Linear Elastic

Material) SHUUAILNTOLAAIAINN FUNUTTEWINANULAULAZANULASEALAGT AUN1SA (1)
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Figure 1 Plate geometry and notation

dmfunuiteivhmsfinunisdudassifteanufisssuei (Natural frequencies) wazsy
$rmsdulm (Mode shapes) Tagazfwualhdulumumguiiuiumves Mindlin Ssmgufiias
finsannsdeguidesannusadeu Inglimilfninadeuiivesisnatsszuiu (Middle plane) ved
wiuituosnnusuiuiiiorsadunduiumn sumidnarsszuuiimandouditesdslahiin
firnsan Ssanansonanamanszan il

w(x, y,z,t) = w(x, y,t) (2)

u(xayazat)zz¢x(xayat) (3)
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V(X,y,Z,t)=Z¢y(X,y,t) (4)

We u, v, w AenInTEdalufiemany x,y wae z Vegluileiduresian t luvaed ¢ uae

—¢, WNUNTVLUTOULNY X UBE p MUEIRU NENNNTH (24(4) mdiiussenineninnaion
warNIINTEARAINTAREULANANN1TN (5)-9)

— (5)
8}’ =z .y (6)
Vg = 2P, + ) )
Ve =P+ W, (8)
Ve =0, +wW, 9)

9INaNN159 (1) waz (5)49) AU TOLANIANUFNRUS TT NI NANUAULAZNITNTZAN IINUUBUTLNTH
AILAUARDAA NN YR UL SInMse Unaglammdiusvestumudan (M, M)

Tuundn (M, M) %agusaaeu (Q,,0,) Aaun1sn (10)-(15)

M, =D,g.,.+D,p,, (10)
M, =D,¢, . +Dyng,, (11)
M, =D (., +9,.) (12)
M, =-D (9. ,+9,.) (13)
0, =45 (9. +w,,) (14)
0, =A4,(p,+w,,) (15)

3

< C,h
Wt D, =—2— 4. =k.hC,
(S A

k, Ao A1UTuLAWsaLRBU (shear correction factor)

Wang waganz [13] IiAnwAsuuiusadeu k, fvsnzan Ssegsening 2/3 fa 7/6 fids
naseAsnesvasruissunR Belieuuutusadounntuasiilildamnsimesves
AruisssuRinntudsarennunanadeuresa s iinesvesnuisssumnAdemuiu Ty
ASEld k= 5/6 Bsegszwing 2/3 fs 7/6 wagldmeuilndifpaiusiide [13)

nsadauntsauaudviulingminisdudaszresusiuiunuiuuveesinnselniy
annsaaislagUszgndldndnnisusiiafu (Hamilton’s Principle) auandlddsannis (16)
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§J.(U—K)dt =0 (16)
0
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Wo U uay K AonaInNAUnv8HuNY Lagnasnuaal Yesukuiunuiwutessinnsetn
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Qdz 17
+Tx27/xz + 7’-yz]/yz
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2
K =% I E[p((z m)z +(z » )2 +(M{t)2 )dez (18)

il 0 FeAnuvuILULYaLTER NUULNUENNTT (17)-(18) adluaun1si (16) wagldanuduiug
FENINANUAUAUAUATEAIINAUATT (1) FINDIAUATEAINAUAITN (5)-(9) UagaunIs
luuduazusadeuaunisn (10)(15) vimsduiiinsnnasnanuvuiwas Ussyndldauniseosians-

L3 ¥ U a 1 d’lj a v lej
a1NINY "\]SVL@ﬁlIﬂqﬁﬂ’JUﬂNﬂqiﬁu@ﬁigﬂJaﬂLLN‘L!WUVIU']LLU‘UEJE)%I‘VW]?EJU?I@\WEJVL‘UU

62
Qxx+ny+IO 12’V= (19)
’ ’ ot
82
Mx,x_Mxy,y_Qx+126t_¢;x:O (20)
%4,
My M, =0, +1,—5=0 (21)

< /A 4 N
Wel,=ph,1, = ’?2 Ao TLuuAAULR08YBINIR (mass moments of inertia)

d' au X a a L4 v a 1 & o = A &
MBI ININUIRGUTUNNTIATIENNITAUDATEUD I UNULAZNINUANTTLARDUNLUUAU

(Periodic motion) AeluN1SNTEIALLLLIAG N1svUTBULNULATLTIN S TULUNULEaRalARTll

w(x, y,t) = w(x, y)el@t (22)
b (2,3, 1) = ¢y, y)e™" (23)
dy(x, 3,0 = ¢, (x, y)e'®t (24)
Qx(x, y,t) = Qx(x, y)e'®" (25)
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Qy(x,y,0 = Q,(x,y)e™" (26)
My (x,y,0) = My(x, y)e'®" @7
My, (x,y,t) = My, (x,y)e'®" (28)
My (x,,0) = My, (x, y)e@" (29)

1089 @ AD ANUDSTITUTIRVDINUNULAE T AD natlun1sau BaIINtuyinNIswuaNnIs (22)-(29)
adluaunisn (19)-421) azldaunisnuaunISEudasE U LHUNURUIAIANNISN (30)(32)

Qx,x + Qy,y = _phw,tt (30)
h3

M, ~M,,~0.=124, (51)
ph’

Mxy,x T My,y - Qy == 12 ¢y tt (32)

Tnedltaulvvauwanaselddl

w=w =0 0,-0. =0 (33)
M,-M,=0 $,—4, =0 (34)
Mnt_M:tZO ¢m‘_¢:t=0 (35)

[

NN (33)-(35) aun1sweulrveunnuegnsesiy aunsadsuliegluguvesrnuduiug fail

aw+a,0, =a, (36)
ﬂl¢n+ﬂ2Mn :ﬂ3 (37)
(38)

ng +r.M,, =7,

naNN159 (36)-(38) Nsassuusazviinaziien «, B wag ¥, Al

1. InseafunuugawlY (Clamped support)

a=1 a,=0 a, =0
=1 pB=0 p=0 (39)
7, =1 7,=0 7;=0
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2. 9n5935URE19NBKUVBBYU (Soft type simply supported)
a=1 a,=0 a,=0
181:() 132:1 ﬂ3=0 (40)
n=0 =1 r=0

3. 9A39ITUDEIIBUUULAY (Hard type simply supported)
a=1 a,=0 a,=0
B =0 p =1 B, =0 (41)
n=l =0 r=0

4. ynseafunuudase (Free support)
=0 a,=1 a,=0
B =0 B =1 B,=0 (42)
n=0 =1 r=0

5. nsefuwuudavgu (Elastic support)
a,=k(z) a,=1 a,=0
p=0 p=1 p=0 (43)
n=0 =1 r=0

6. ansasiuiavuuuuBads (Elastic restraint)
a, =1 a,=0  a;=0
pB=k,(2) p,=1 By=0 (44)
n=0 =1 r=0

v ¢

Wok,(z)waz k, (z) Ae Aadwiuanduiusiunisiaaaud (translational stiffness) wagAavliua

MduRusiun1suyU (rotational stiffness) muddu taefidn M,, M, way O, uanslasail [18]

M, =M n;+Mn +2nn M (45)
Mnt =Mxy(ni _nz)—l_nxny(Mx_My) (46)
0,=0n+0n, (47)

lagil 7, =cos@ uay n, =sin yu O Tamuduuini (s Figure 1) WeldaunisReuluvouiun

ey AUV SWNUENNTSN (10)(15) asluaunisi (30)(32) nasannyiniseuiusudd sslaaunis
U a & & @ a LY &

muauveslymnsdudasyveaunumniluianeesivmseUnawelull

A55(¢x,x +W,xx)+A44 (¢y,y +V‘{W)+7/4W= 0 (48)
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D11(¢x,xx) + D12 (¢/,xy) - D66 (¢x,yy + ¢y,xy) - ASS (¢x + W,x) + Z4¢x = 0 (49)
D]2(¢x,xy) + D22 (¢y,yy) + D66 (¢/,xx + ¢x,xy) - A44 (¢y + M},y) + Z4¢y = 0 (50)

! 3
A 4 2 ph
el 4 = phe?, 4% =
12
dislaaun1snisdudasyveunuiiunnuueasinnsalnud deluissiauessazideniiussyndly
Wuouuzden (AEM) Tnalifiugrunmsliasiziseisuninisiedmud

Aunnfieduudimiuinneidymnisiudasvasukuiunuiuuuaasnnsadn
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Figure 2 Discretization of the problem: Source point p,(x;,y;), Field point q ,(x,,¥,)
and Collocation point 2;(¥;>¥;)

Numerical Results and Discussion
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TuAnsduY (fa Figure 4) azwiulainnanisiasigrtanulndlfssiu fennunaianaeulnuny 1
Huilieglurisdesay 0.035 fefawar 1.236 deudsnsfiiiaweluanidedanunsaliliuag
frnugnees

N a 2
r 1

Figure 3 Arrangement of support points on each side of orthotropic plate

Table 1 Comparison of first five non-dimensional natural frequency parameters

w=(0a"/7°)(\ph!D,) for h/a=0.1

Boundary Mode Number
condition Method 1 2 3 4 5
sose Wang et al. [13] 5.142 6.625 9.988 13.330 14.088
Present 5.140 6.681 10.062 13.387 14.173
csss Wang et al. [13] 5.283 7.164 10.849 13.389 14.349
Present 5.285 7.212 10.891 13.452 14.419
scsc Wang et al. [13] 5.498 7.783 11.738 13.475 14.665
Present 5.502 7.818 11.754 13.543 14.714
scsF Wang et al. [13] 4.952 5.690 8.034 12.050 13.223
Present 5.013 5.928 8.445 12.269 13.733
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Figure 4 Mode shapes of thick orthotropic rectangular plate with SSSS boundary
condition for h/a=0.1
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Figure 5 Comparison of convergence of natural frequency parameters with different

numbers of N elements and M domains
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Figure 6 Natural frequency versus thickness ratio 4/ a for orthotropic plate with

different orthotropic degrees E, / E,
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Elastic restraint
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Figure 7 Thick orthotropic square plate with Elastic support - Elastic restraint

Boundary conditions

Table 2 First five non-dimensional natural frequency parameter with Elastic support - Elastic

restraint boundary conditions

—  — Mode number
k k
tro» o
1 2 3 a 5
Free support - Soft type
5.120 5.629 8.211 11.196 13.235
simply support (FSFS)
0 5.120 5.629 8.211 11.196 13.235
10 5.190 5.809 8.249 9.588 13.291
100 5.896 5.815 8.751 9.705 13.533
1000 6.678 9.188 10.659 13.831 14.147
10000 6.932 9.199 10.727 13.932 14.500
100000 6.969 9.286 10.748 13.951 14.610
1000000 6.973 9.238 10.802 13.953 14.624
Hard type simply support -
6.973 9.221 10.808 13.954 14.625
Clamped support (5CSC)
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Figure 8 Orthotropic thick general plate with CSS boundary condition

Chaiarun et al. (2024). “Free Vibration Analysis...,” Science and Engineering Connect 47 (3), pp. 295-321



317

Table 3 Comparison of the first five non-dimensional natural frequency parameters

= (a)ja2 / )/ ph! D,,) for a thick orthotropic general plate

Boundary Mode number

condition hia | N M Method 1 2 3 q 5

ABAQUS | 4.906 6.329 | 8.956 | 11.258 | 12.017
308 | Present | 4.949 6.408 | 8.991 | 11.240 | 12.379

0.1 |210 percentage error | 0.879 1.240 | 0.386 | 0.165 2.927
483 Present 4.943 6.392 | 8.959 | 11.242 | 12.365
percentage error | 0.740 0.980 | 0.035 0.139 2.817
€53 ABAQUS | 3.136 4413 | 6.332 6.556 7.402
308 Present 3.155 4.460 | 6.337 6.573 7.436
0.2 | 210

percentage error | 0.602 1.054 | 0.078 | 0.256 0.462

483 | Present | 3.151 4.457 | 6.335 | 6.571 7.435

percentage error | 0.481 0.981 | 0.048 | 0.231 0.443

(A) Mode shapes of thick orthotropic general plate with CSS boundary condition for =0.1
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Figure 9 Mode shapes of thick orthotropic general plate
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(B) Mode shapes of thick orthotropic general plate with CSS boundary condition for =0.2
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Figure 9 Mode shapes of thick orthotropic general plate (continued)
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