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Abstract 
This article presents an automated technique for selecting suitable inverse configurations for the path planning of 

robots with six degrees of freedom (6 DOF). Traditionally, robots were limited to a single fixed configuration for 

movement, but now there's a growing need for robots that can adapt to different situations, especially in unknown 

environments. In this study, we introduce an innovative approach designed to assist a small industrial robot known as 

AKB-IRV1. This approach helps the robot determine and automatically select the most suitable configuration to move, 

which is essential for effective path planning. We simplify a complex problem related to how the robot's joints work 

through geometric analysis, breaking it down into two stages: calculation and selection of the best joint angles for 

movement. We also use computer simulations to assess the robot's workspace, considering joint angles as constraints. 

Our findings reveal that taking joint angles into account significantly reduces the robot's effective workspace. We also 

present a method for the robot to automatically choose the right configuration when planning its path, especially in 

uncertain situations. This ability allows the robot to change its configuration as needed, aligning with the goal of 

minimizing configuration changes. This method has promising applications for intelligent robots operating in unfamiliar 

environments. 
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Nomenclature 
Symbol Description 

𝜓, 𝜃, 𝜙 Roll, Pitch, Yaw angle 

n, s, a Orthogonal vectors represent the orientation 

p Position vector 

𝜃𝑖 Joint angle boundary 

𝛼𝑖 Connecting rod torque 

𝑎𝑖 Connecting rod length 

𝑑𝑖 Joint offset 

𝐴𝑖−1
𝑖  Homogeneous transformation matrix 

𝑅(𝜙,𝜃,𝜓) Rotation matrix 

1.  Introduction 

Industrial robots have gradually replaced 

humans in manufacturing processes, particularly in 

modern and mass production lines requiring high 

accuracy and repetition, such as car production, 

welding, cutting, and metal processing. An 

industrial robot requires a minimum number of 

degrees of freedom to accommodate movement in 

the three positional and three manipulator 

directions. Because of their adaptability, six-

degree-of-freedom (6-DOF) robots are widely used 

in industry. In production systems, these robots 

primarily perform programmed operations along 

known and repetitive trajectories. When training 

and configuring the robot, experts will analyze the 
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motion process and choose a suitable inverse 

kinematic configuration based on personal 

experience. When performing repetitive operations 

in a fixed workspace, the 6-DOF robot will default 

to the chosen configuration (Craig, 2005; Spong et 

al., 2020). 

Kinematic problems are used to represent the 

parameters at the joints associated with the robot 

configurations. When the positions of the joints are 

known, the forward kinematics problem is used to 

determine the position and orientation of the 

manipulator (Spong et al., 2004). The Denavit-

Hartenberg method is a popular method for solving 

the forward kinematics problem for robots. 

Meanwhile, when the position and angle of the 

manipulator are known, the inverse kinematics 

problem is used to find matching variables 

(Denavit, & Hartenberg, 1955; Hartenberg, & 

Denavit, 1964).  

Finding the joint variables for the 6-DOF 

robot to move the impact head to the desired 

position for the inverse kinematics problem is quite 

challenging. The 6-DOF robot will be able to have 

more than one inverse kinematic configuration (the 

solution set) at a different end-effector position and 

orientation. The multi-solution problem's 

interdependent results continue to be a significant 

obstacle. The existence of multiple solutions and 

singularities makes it quite difficult to solve inverse 

kinematics for a 6-DOF robot (Hayes et al., 2003; 

Husi, 2015). 

As a general rule, the geometric method is 

frequently used in inverse kinematics (Spong et al., 

2020). However, finding a suitable configuration 

for the 6-DOF robot remains severely constrained 

by the interdependent outcomes of the multi-

solution problem. Lee, & Ziegler (1984) proposed a 

geometric solution for the 6-axis Puma 560 robot 

joints using additional directions of the robot arm 

position. This solution has four joint solutions for 

the first three joints and two possible solutions for 

the last three joints. According to Wang et al. 

(2017), there are three robot configuration 

indicators (arm, elbow, and wrist), and the one-

dimensional search problem for the fifth joint angle 

is the focus of inverse kinematics. Chen et al. (2015) 

used screw theory to address the 6-DOF robot's 

inverse kinematics problem. 

Aside from classic inverse kinematics 

solutions, newly published studies have presented 

numerous different approaches based on machine 

learning (Wang et al., 2020; Tagliani et al., 2022), 

the Particle Swarm Optimization (PSO) algorithm 

(Yiyang et al., 2021), Behavior Tree (Zhang, & 

Hannaford, 2019), and Artificial Neural Networks 

(ANN) algorithms (Kshitish et al., 2017; Ahmed et 

al., 2016; Abderrahim et al., 2023). 

For redundant manipulator path planning, 

inverse kinematics are the main issue. The set of 

points and orientations of the end-effector is defined 

for the robot's trajectory control. The joint angles 

will be computed at each location and orientation of 

the end-effector, allowing numerous robot 

configurations to be established. On the contrary, 

each manipulator configuration will have a different 

operating region in space (Iqbal et al., 2012; Isiah, 

& Luis, 2017). While following a smooth intended 

end-effector trajectory, a primary configuration 

with the maximum workspace is usually 

considered. Sometimes the trajectory path extends 

beyond the workspace or does not fully match the 

primary configuration. In this situation, switching 

the relevant configurations is required to assure the 

tracking of the robot's trajectory. Minimizing the 

number of configuration transitions is necessary to 

minimize robot operation time and energy. 

Additionally, since the inverse kinematics problem 

for a 6-DOF manipulator has multiple solutions, 

selecting the right configurations is essential for 

trajectory planning (Perumaal, & Jawahar, 2012; 

Siméon et al., 2004). 

Path planning is a critical issue in the field of 

robot control. Path planning algorithms generate a 

geometric path for the manipulator end-effector 

from the starting point to the ending point, passing 

through pre-defined via-points in the robot's 

workspace. Trajectory planning algorithms follow a 

specific geometric path and control the movement 

of the end-effector with time information. When 

working in a hostile environment, the robot must 

plan this path automatically and efficiently based on 

minimum execution time, energy, and jerk 

(Perumaal, & Jawahar, 2012; Gasparetto et al., 

2015).  

In robot path planning, it's vital to define the 

workspace for each inverse configuration. This is 

especially important when dealing with various 

inverse kinematic setups that can lead to 

discontinuous path segments. To tackle scenarios 

with obstacles, it's crucial to determine via-points 

within the manipulator's workspace before 

constructing the path. This approach aligns with the 

perspectives of Perumaal, & Jawahar (2012) and 

Siméon et al. (2004). 
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With the development of applications such as 

intelligent robots, robots will be able to adjust the 

operating program to respond appropriately to 

working environment parameters. In uncertain 

environments, robots must be able to change 

operating configurations automatically while in 

operation. As a result, the fixed selection of current 

inverse kinematic configurations is no longer 

sufficient. According to Chembuly, & Voruganti 

(2020), these robots must be able to recognize and 

autonomously select the best operating 

configuration for reality. 

Previous studies have delved into inverse 

kinematics, robot path planning, and 6-degree-of-

freedom robot working areas. Yet, there's a gap in 

research that tackles the holistic challenge of 

solving inverse kinematics, considering mechanical 

constraints for workspace definition, path planning, 

and automating the selection of appropriate inverse 

configurations for these robots. 

This study introduces an autonomous 

approach for 6-DOF robots to select the best 

configuration during various path processes. 

Section 2 presents the results of our inverse 

kinematics analysis, where we use the Denavit-

Hartenberg (D-H) method for forward kinematics 

and a two-stage geometric approach (end-effector 

position and orientation) for inverse kinematics. In 

Section 3, we examine the 6-DOF robot's 

workspace, considering both position and 

orientation criteria while accounting for joint 

mechanical limits. In Section 4, we test the 

configurations for inverse kinematics by proposing 

a smooth end-effector path that includes sections 

beyond the primary configuration's range. We use a 

criterion-based configuration selection method to 

minimize switching while maintaining position and 

orientation. Our results demonstrate the feasibility 

of switching between suitable configurations and 

accommodating trajectory paths beyond a 

configuration's workspace. Section 5 concludes the 

paper. 

 

2.  Kinematic model 

Kinematics involves two components: 

forward and inverse. Forward kinematics aims to 

find the end-effector's position and orientation using 

joint angles and lengths. In contrast, inverse 

kinematics finds joint angles when the end-

effector's position and orientation, along with joint 

lengths, are known. 

 

2.1 Geometric model 

The 6-DOF manipulator platform used in this 

paper is a small serial chain robot named AKB-

IRV1, developed by AKB Machinery Company, 

Vietnam (AKB Machinery, n.d.). This robot has an 

articulated structure, a maximum payload of 48 kg, 

a maximum reach of 725 mm, an accuracy 

repeatability of +0.02 mm, a power consumption of 

0.5 KVA, and an approximate weight of 75 kg. As 

shown in Figure 1, the robot AKB-IRV1 is made up 

of six revolute joints and a gripper. Each module has 

a built-in DC servo motor with a position and 

velocity controller. The AKB-IRV1’s structure is 

similar to that of the KUKA KR-15/2 robot (Gracia 

et al., 2009) and has the coordinate frame locations 

shown in Figure 2. The robot has Denavit-

Hartenberg parameters due to the manipulator 

configuration shown in Table 1. 

 

    

Figure 1 The AKB-IRV1 robot 
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Table 1 AKB-IRV1 robot link coordinate parameters with joint angles limit 

Joint i 𝜶𝒊 𝒂𝒊 (mm) 𝒅𝒊 (𝒎𝒎) 𝜽𝒊 𝜽𝒊𝒎𝒊𝒏 (degree) 𝜽𝒊𝒎𝒂𝒙 (degree) 

1 𝜋/2 100 370 𝜃1 −132 + 132 

2 0 300 0 𝜃2 −90 + 90 

3 𝜋/2 111.36 0 𝜃3 −90 + 60 

4 −𝜋/2 0 300 𝜃4 −130 + 130 

5 𝜋/2 0 0 𝜃5 −100 + 100 

6 0 0 105 𝜃6 −180 + 180 

 

Figure 2 Link coordinate parameter system of the AKB-IRV1 (𝜃2 = 𝜋/2) 

 

Following Spong et al. (2004), the six 

homogeneous transformation matrices 𝐴𝑖−1
𝑖  for the 

AKB-IRV1 robot shown in Figure 2 are given in 

Equation (1): 

 

Ai-1
i = [

cθi -sθicαi sθisαi aicθi

sθi cθicαi -cθisαi aisθi

0 sαi cαi di

0 0 0 1

] (1) 

 

where  
cαi≡ cos ( αi); sαi≡ sin ( αi); 
cθi≡ cos ( θi); sθi≡ sin ( θi);(i=1,2,…6) 

αi : The angle from Ẑi to Ẑi+1 measured along X̂i 

ai : The distance from Ẑi to Ẑi+1 measured along X̂i 

di : The distance from X̂i-1 to X̂i measured along Ẑi 

θi : The angle from X̂i-1 to X̂i measured along Ẑi 

 

2.2 Forward kinematic 

In Lee, & Ziegler's (1984) forward 

kinematics work, Equation (2) introduced the 

transformation matrix. This matrix determines the 

end-effector's position and orientation relative to the 

robot's base coordinate system, encapsulating their 

spatial relationship. 

 

T0
6=A0

1 A1
2 A2

3 A3
4 A4

5 A5
6 

 

T0
6= [

nx sx ax p
x

ny sy ay p
y

nz sz az p
z

0 0 0 1

] = [R0
6 P0

6

0 1
] (2) 

The end-effector's orientation is defined by 

the vectors n, s, and a, and its position is represented 

by p. Together, these vectors describe the end-

effector's spatial configuration relative to the base 

coordinate system. In Figure 2, the end-effector 

(point E) matrix is given as follows: 
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E6= [

ux vx wx q
x

uy vy wy q
y

uz vz wz q
z

0 0 0 1

] (3) 

 

The wrist position 𝑝𝑥 , 𝑝𝑦 , 𝑝𝑧 can be found 

using; 

 

         [

p
x

p
y

p
z

1

] =

[
 
 
 
q

x
-d6wx

q
y
-d6wy

q
z
-d6wz

1 ]
 
 
 

 (4) 

 

  The wrist orientation and position (point C in 

Figure 2) are defined by Equation (5). 

 

W6= [

ux vx wx p
x

uy vy wy p
y

uz vz wz p
z

0 0 0 1

] (5) 

 

2.3 The inverse forward kinematics problem 

The inverse kinematics problem for a 6-DOF 

manipulator involves finding the joint angles that 

correspond to a given end-effector position and 

orientation. This is a multi-solution challenge with 

various sets of solutions. Piotrowski and Barylski 

(2014) suggest breaking it down into two steps: 

first, solving the position inverse kinematics to 

determine the first three joint angles (𝜃1, 𝜃2, 𝜃3), 

and then addressing the orientation inverse 

kinematics to calculate the last three joint angles 

(𝜃4, 𝜃5, 𝜃6). This division simplifies the overall 

kinematic analysis. Inverse kinematics problems 

focus on the wrist coordinates of the manipulator 

and start by determining the wrist's position and 

angle based on the manipulator's given coordinates 

and position using Equation (5). 

 

2.3.1 Inverse position kinematic 

In Figure 3, when considering the 

manipulator perpendicularly onto the Oxy plane, the 

wrist position (point C) creates two pairs of points 

A and B. This results in two angles, 𝜃11 and 𝜃12, for 

𝜃1. These angles represent the front and rear 

configurations, respectively, as calculated by 

Equation (6). 

 

θ11= tan-1 (
py

px

) ; θ12= tan-1 (
py

px

) +π (6) 

 

When projecting the manipulator 

perpendicularly onto the Oxyz plane, each θ_1 

value from Equation (6) yields two pairs of angles, 

θ_2 and θ_3. This results in four inverse kinematic 

configurations, as depicted in Figure 3. The 

geometric and trigonometric methods were 

employed to calculate θ_2 and θ_3. Table 2 and 

Figure 4 illustrate the front-above, front-below, 

rear-above, and rear-below configurations 

corresponding to these angles (Lee, & Ziegler, 

1984). 

 

 
a) Front configuration 

 

 
b) Rear configuration 

Figure 3 Joint angle 𝜃1 according to the position of point C on the Oxy plane 
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a) front – above 

 
b) front – below 

 
c) rear – above 

 
d) rear - below 

Figure 4 Four inverse configurations of the AKB-IVR1 robot 

 
Table 2 The joint angle set for position inverse kinematics solutions 

Configuration θ1 θ2 θ3 

front – above  θ11= tan-1 (
p

y

p
x

) θ21=CAF̂+BAĈ θ31=DBĈ-(π-ABĈ) 

front – below θ11= tan-1 (
p

y

p
x

) θ22=CAF̂-BAĈ θ32=DBĈ+(π-ABĈ) 

rear – above θ12= tan-1 (
p

y

p
x

)+π θ23=π-(CAF̂+BAĈ) θ33=DBĈ+(π-ABĈ) 

rear – above θ12= tan-1 (
p

y

p
x

)+π θ24=π-(CAF̂-BAĈ) θ34=DBĈ-(π-ABĈ) 

 

where: 

CAF̂= tan-1 (
CF

AF
) ; BAĈ= cos-1 (

a2
2+AC2-BC2

2a2.AC
) ; ABĈ= cos-1 (

a2
2+BC2-AC2

2a2.BC
) ; DBĈ= tan-1 (

d4

a3
); 

                   and BC=√a3
2+d4

2
;AC=√AF2+CF2;  (7) 

 

The inverse position kinematics problem has 

yielded four sets of matching angle solutions 

(θ1,θ2,θ3). The next part of the inverse kinematics 

problem is to determine the matching angles 

(θ4,θ5,θ6) based on the orientation angle of the 

robot. 

2.3.2 Inverse orientation kinematics 

  Section 2.2.1 deals with the inverse position 

kinematics problem, solving for the first three joint 

angles(θ1,θ2,θ3)  of the 6-DOF manipulator. For the 

remaining three joint angles (θ4,θ5,θ6), we use the 

inverse kinematics problem with the provided wrist 

angle. This section outlines how to calculate these 

angles using the RPY rotation method, a common 

approach for describing manipulator angles (Spong 

et al., 2004). The resulting rotation matrix, RPY, is 

presented below: 
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                   R(ϕ,θ,ψ)=Rz(ϕ).Ry(θ).Rx(ψ)= [

cϕcθ cϕsθsψ-sϕcψ cϕsθcψ+sϕsψ

sϕcθ sϕsθsψ+cϕcψ sϕsθcψ-cϕsψ

-sθ cθsψ cθcψ

] (8) 

where: 

                  Rz(ϕ)= [

cϕ -sϕ 0

sϕ cϕ 0

0 0 1

] ; Ry(θ)= [

cθ 0 sθ

0 1 0

-sθ 0 cθ

] ; Rx(ψ)= [

1 0 0

0 cψ -sψ

0 sψ cψ

]  (9) 

 

  The orientation inverse kinematics problem 

involves determining the RPY rotation angles  

(𝜓, 𝜃, 𝜙) corresponding to the rotation matrix 𝑅0
6  in 

Equation (2). The  (𝜓, 𝜃, 𝜙) values are matched by 

a directional angle matrix that represents spherical 

rotations at the manipulator wrist frame. Since the 

first three angles (𝜃1, 𝜃2, 𝜃3) have already been 

determined in Section 2.2.1, the rotation matrix R 

only needs to be represented with the unknown joint 

angles (𝜃4, 𝜃5, 𝜃6). 
 

     From Equation (1): 

R0
1= [

cθ1 0 sθ1

sθ1 0 -cθ1

0 1 0

] ; R1
2= [

cθ2 -sθ2 0

sθ2 cθ2 0

0 0 1

] ; R2
3= [

cθ3 0 sθ3

sθ3 0 -cθ3

0 1 0

] ; 

 

R3
4= [

cθ4 0 -sθ4

sθ4 0 cθ4

0 -1 0

] ; R4
5= [

cθ5 0 sθ5

sθ5 0 -cθ5

0 1 0

] ; R5
6= [

cθ6 -sθ6 0

sθ6 cθ6 0

0 0 1

] (10) 

 

  The orientation matrix 𝑅0
6  is given by 

Equation (11). 

          R0
6=R0

1R1
2R2

3R3
4R4

5R5
6=R0

3.R3
6 (11) 

  Inverse orientation kinematics is about 

finding RPY angles that match a given rotation 

matrix R. The rotation matrix 𝑅0
6, obtained for wrist 

orientation, has the same format as the RPY 

transformation matrix 𝑅(𝜙,𝜃,𝜓).  

From Equations (9) and (10), the matrixes 

R(ϕ,θ,ψ) and R0
6  can be compared as follows: 

         R3
6=(R0

3)
-1

R0
6=(R0

3)
-1

R(ϕ,θ,ψ) (12) 

  Equation (12) derives the matrix (𝑅0
3)−1  

from angles 𝜃1, 𝜃2, 𝜃3, and matrix 𝑅(𝜙,𝜃,𝜓)is defined 

by RPY angles. Therefore, it becomes possible to 

find the remaining corresponding angles 𝜃4, 𝜃5, 𝜃6 

from matrix 𝑅3
6 as follows: 

 

                   R3
6= [

cθ4cθ5cθ6-sθ4sθ6 -cθ4cθ5sθ6-sθ4cθ6 cθ4sθ5

sθ4sθ5cθ6+cθ4sθ6 -sθ4cθ5sθ6+cθ4cθ6 sθ4sθ5

-sθ5cθ6 sθ5sθ6 cθ5

] =(R0
3)

-1
R(ϕ,θ,ψ) (13) 

 

From Equation (13), yield 

           θ5= tan-1 (
√1-R6

3
(3,3)

2

R3
6
(3,3)

) (14) 

There are three solution sets for 𝜃4  and 𝜃6  that 

correspond to the values of 𝑠𝜃5 

Case sθ5>0: 

          θ41= tan-1 (
R3

6(2,3)

-R3
6(1,3)

) ; 

         θ61= tan-1 (
R3

6
(3,2)

-R3
6
(3,1)

) (15) 

Case sθ5<0: 

         θ41= tan-1 (
R3

6(2,3)

R3
6(1,3)

) ; 

           θ61= tan-1 (
-R3

6
(3,2)

R3
6
(3,1)

) (16) 

             Case sθ5=0: θ4=0; θ5=0; θ6=0 (17) 

In this section, we address the inverse 

kinematics problem of a 6-DOF robot, which has 

four solution sets, each corresponding to a different 

configuration with the same end-effector position 

and angle. The choice of coordinate systems at the 

joints plays a crucial role in the problem's 

complexity. By selecting suitable coordinate 

systems and breaking down the problem into two 

sequential stages, we've simplified the process of 

determining solution sets compared to traditional 

methods. The next section will define the 
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workspace and present simulation results for each 

configuration. 

 

3. Simulation result 

3.1 Inverse kinematics of a 6-DOF robot 

In this section, we introduce the AKB-IRV1 

manipulator model, defined by DH parameters in 

Table 1. We use a MATLAB simulation program to 

assess both forward and inverse kinematics, as 

described in Section 2.2, to examine the 6-DOF 

manipulator's characteristics and operability. 

To visually confirm the kinematics problem, 

start by examining the manipulator with the end-

effector in position C (0.12 m;-0.24 m;0.82 m) and 

with orientations (ψ
C

,θC,ϕ
C

) set to 

(π/3 rad;π/5 rad;π/4 rad).  Solving the position and 

orientation inverse kinematics problem in Section 

2.2 results in four manipulator configurations, 

illustrated in Figure 5. 

 Figure 5 displays four inverse kinematic 

configurations for the end-effector position, each 

with unique workspaces and constrained joint 

angles. The bounds of these workspaces are 

determined by calculating the maximum distance 

from the origin coordinates to the end-effector using 

Figure 2. To save calculation time, the configuration 

workspace survey program omitted end-effector 

positions beyond the operating range, as defined by 

Equation (18). 

Maxdistance=√d1
2
+a1

2+AB+√a3
2+( d4 + d6)

2 (18) 

In the next section, we will present the results 

of examining the workspaces of these inverse 

dynamic configurations, considering input 

parameters, space constraints, and mechanical joint 

angle limits, to assess their operational capabilities.  

 

3.2 Workspace analysis  

A manipulator's workspace is typically 

defined by its reachable positions across various 

inverse kinematic configurations, ignoring the 

directional angle. In Section 3.1, at point C, all four 

configurations are attainable with a fixed directional 

angle. However, not all calculated positions and 

orientations are feasible due to mechanical joint 

angle limitations. Additionally, joint angle 

constraints restrict the operational space of these 

configurations. This section clarifies this by 

conducting a two-step survey: first, we examine 

reachable working points for inverse configurations 

with a fixed direction angle to assess differences in 

their workspace. Second, we survey all working 

points while considering the direction angle, 

adjusting orientation to gauge configuration 

responsiveness. Throughout, we account for joint 

angle constraints to understand their impact on the 

inverse configuration's workspace. 
 

a) Configuration 1 (front – above)  b) Configuration 2 (front – below) 

c) Configuration 3 (rear – above) d) Configuration 4 (rear – below) 

Figure 5 Four inverse configurations at point C (0.12 m; -0.24 m; 0.82 m) with respect to the orientation direction  

(red arrow) in the Oxyz coordinates  
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Workspace of configuration 1 with no joint limitation 

 
Workspace of configuration 1 with joint limitation 

 
Workspace of configuration 2 with no joint limitation 

 
Workspace of configuration 2 with joint limitation 

 
Workspace of configuration 3 with no joint limitation 

 
Workspace of configuration 3 with joint limitation 

 
Workspace of configuration 4 with no joint limitation 

 
Workspace of configuration 4 (rear– below) with joint limitation 

Figure 6 Workspace of four inverse configurations by position criteria with joint limitation 
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3.2.1 Position criteria  

We conducted a workspace survey using the 

end-effector's position at a fixed orientation angle 

(ψ=π/3; θ=-π/3; ϕ=π/4) in two scenarios: one 

without considering joint angle limitations and 

another where we considered them for four inverse 

kinematic configurations (Isiah, & Luis, 2017). The 

surveyed space in Oxyz coordinates is bounded by 

the following limits:  

-1.2(m)<x; y<1.2(m); 0<z<1.2(m) 

This space is divided into x, y, and z 

dimensions, forming a set of survey points for the 

end-effector. Each dimension is subdivided into 30 

steps xstep=y
step

=zstep=30(step) . In the considered 

case, the joint angle limits are as follows: 

-π (rad)<θ1,θ4,θ6<π (rad) 

 -5π/6 (rad)<θ2,θ3,θ5<5π/6 (rad) 

The survey results, presented in Figure 6 and 

Table 3, reveal variations in the number of working 

points (working space) for each inverse kinematic 

configuration. The workspaces of the 

configurations differ significantly in two cases: one 

where joint angle limitations are not considered 

(Figure 6a) and another where they are considered 

(Figure 6b). 
 

Table 3 Workspace of four inverse configurations by 

position criteria 

Configuration No joint limitation 

(points) 

Joint limitation 

(points) 

1 (front – above)  6348 6146 

2 (front – below) 4965 825 

3 (rear – above) 1958 902 

4 (rear – above) 805 225 

 

Based on the survey results, the following 

observations stand out: 

• Configuration 1 (front-above) has the most 

working points, while configuration 4 (rear-below) 

has the fewest working points in both scenarios. 

• When considering joint angle limitations, 

the number of working points in the inverse 

configurations significantly decreases. For instance, 

in configuration 2 (front-below), the number of 

working points drops from 4965 points to 825 

points, a reduction of over sixfold. 

• The inverse kinematics configurations 

exhibit distinct workspace allocations within the 

surveyed area. These workspace distributions create 

interference zones and separate areas that are 

inaccessible to other configurations. 

For a clearer illustration of the variations in working 

areas for each configuration, another survey was 

conducted using the position and orientation criteria 

of the proposed inverse kinematics problem. The 

results are presented and discussed in Section 3.3. 

 

3.2.2 Position and orientation criteria  

To survey the position and orientation 

inverse kinematics problem, we utilized the same 

input parameters as in Section 3.2. We defined the 

orientation angle for each surveyed end-effector 

position in XYZ dimensions based on roll, pitch, 

and yaw angles (ψ, θ, ϕ),. Each angle (ψ, θ, ϕ), for 

rotation falls within the interval of (-π/2, π/2) and is 

divided into 30 steps for a single survey calculation. 

For each surveyed end-effector point, if the 

joint angles 𝜃i  can satisfy all orientation angles 

examined at that position, it's recorded as a fully 

available working position in Oxyz coordinates. We 

conducted surveys for all four inverse 

configurations, both when disregarding and 

considering joint angle limitations, using the same 

scope and parameters for position and angles. 

The survey results for the workspace, 

including fully available working points for all four 

inverse configurations, can be found in Table 4 and 

Figure 7. 

 

Table 4 Full-available workspace of four inverse 

configurations by position and orientation criteria 

Configuration No joint limitation 

(points) 

Joint limitation 

(points) 

1 (front – above) 1849 971 

2 (front – below) 547 16 

3 (rear – above) 91 26 

4 (rear – above) 188 40 

 

The results of the position and orientation 

inverse kinematics problem align with those in 

Section 3.2. Configuration 1 (front-above) achieved 

the highest number of full-available work points 

(1849), while configuration 3 (rear-above) had the 

lowest (91) when not considering 𝜃i  limitations. 

When 𝜃i limitations are considered, the workspace 

for all configurations shrinks, particularly 

configuration 2, which reduces by over 34 times, 

from 547 points to 16 points. This underscores that, 

in practice, mechanical joint angle limitations are 

the primary factors limiting the 6-DOF 

manipulator's operational area. 
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Full-available workspace of configuration 1 with no joint 

limitation 

 
Full-available workspace of  configuration 1 with joint 

limitation 

 
Full-available workspace of configuration 2 with no joint 

limitation 

 
Full-available workspace of configuration 2 with joint limitation 

 
Full-available workspace of configuration 3 with no joint 

limitation 

 
Full-available workspace of configuration 3 with joint limitation 

 
Full-available workspace of configuration 4 with no joint 

limitation 

 
Full-available workspace of configuration 4 with joint limitation 

Figure 7 Full-available workspace of four inverse configurations by position and orientation criteria with joint 

limitation. 



NGUYEN & NGUYEN 

JCST Vol. 14 No. 1, Jan-Apr. 2024, Article 10 

 

12 

Considering the additional end-effector 

angle criteria in the second stage of the survey, the 

number of working points significantly decreased in 

both cases compared to the first stage. Furthermore, 

Figure 6 illustrates that the inverse kinematic 

configurations exhibit markedly different working 

regions than in the first stage. 

Sections 3.2 and 3.3 reveal that the first 

configuration (front-above) offers the most 

extensive working space, even when joint angle 

limitations are taken into account. Typically, in 

training a 6-DOF manipulator for a specific task, 

this configuration is chosen based on expert 

experience. However, the survey results 

demonstrate that no single configuration can cover 

and access all working points and angles in space 

when considering both the manipulator's position 

and orientation. 

Consequently, in intelligent robot 

applications where the environment is dynamic, 

robots must not only adhere to predefined 

procedures but also possess the ability to select an 

inverse configuration from their distinct 

workspaces. In the following section, we explore 

proposals for a novel approach to selecting inverse 

kinematic configurations for 6-DOF manipulators 

in end-effector path planning. 

 

4. Automated inverse kinematics configuration 

selection 

As mentioned in Section 3, inverse 

kinematics configuration 1 has the largest working 

area and is commonly used as the primary 

configuration for controlling repetitive operations, 

especially in production lines. However, the 

working areas of the inverse kinematic 

configurations are distinct, and no single 

configuration can encompass all end-effector 

positions and orientations. In certain scenarios, it's 

necessary to move the manipulator's end-effector 

along a path or with an orientation that lies outside 

the primary configuration's active area. Several 

publications have addressed trajectory planning for 

6-DOF manipulators (Perumaal, & Jawahar, 2012; 

Siméon et al., 2004; Gracia et al., 2009). 

This section outlines an algorithm for 

choosing inverse kinematic configurations in the 

path planning of a 6-DOF robot. To assess the 

suitability of each inverse kinematic configuration, 

we propose a trajectory for the manipulator's 

position and orientation. The survey findings, along 

with the algorithm for selecting the appropriate 

configuration (among multiple solutions), based on 

the minimum number of state transitions criterion, 

are presented. 

The end-effector's trajectory, comprising 

position (𝑥, 𝑦, 𝑧)  and orientation (𝜙, 𝜃, 𝜓) , is 

described by Equations (19, 20) and depicted in 

Figure 8, with the parameter t divided into n equally 

spaced points (20 and 1000 points) to create survey 

segments along the end-effector's path. 

x(t)= 0.4sin(t)sin(5t);  

y(t)= 0.4sin(t)cos(4t);  

z(t)= 0.4cos(t)+0.5 (19) 
where  π/10<t<π/4   

ϕ(t)= 0.1sin(t)cos(0.1t);  

θ(t)= 0.1sin(t)cos(0.1t); 

 ψ(t)= 0.1sin(t)cos(0.2t)  (20) 

where 0<t<2π  

 

 

 

(n = 20) 

 

 

(n = 1000) 

Figure 8 End-effector positions (red dots) and orientations (blue arrows) along the path for both n = 20 and  

n = 1000 cases  
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Conduct a survey on the suitability of inverse 

kinematic configurations based on the locus of the 

point and the orientation using equations 19-20 with 

the number of points divided by 1000. Figure 9 

illustrates the working area of four inverse 

kinematics configurations and the path. Table 5 

shows the results of the available inverse kinematic 

configurations with the point segments. 

 
Table 5 The compatibility of four inverse configurations 

on a point locus segment 
Configuration Available point segment (from point to 

point) 

1 532-1000 

2 1-457 

3 389-873 

4 168-436 

   

 
Figure 9 Full-available workspace for all four inverse 

configurations and the path of the end-effector's position 

and orientation  

Note: Configuration 1: blue dot; configuration 2: red dot; 

configuration 3: green dot; configuration 4: magenta dot; 

locus path: black line with brown vector. 

   

Figure 9 and Table 5 demonstrate that 

individual configurations do not cover the entire 

end-effector trajectory. Configuration 1, as shown 

in Table 5, only applies from the 532nd to the 

1000th point. Consequently, a fixed inverse 

kinematic configuration based on the largest 

workspace criterion is not feasible. Additionally, 

neither configuration group 1-2 nor 3-4 spans the 

entire trajectory, necessitating the robot to switch 

between front and rear configurations to traverse the 

full path. Completing the trajectory provides 

numerous options with compatible inverse 

configurations at the same point. Without an 

appropriate selection mechanism, this could lead to 

numerous configuration transitions, which is 

detrimental to the control process. 

This paper presents an algorithm to 

automatically select the most suitable inverse 

kinematic configurations for path planning, aiming 

to minimize configuration transitions. The 

algorithm consists of the following steps: 

Step 1: Survey the locus using four inverse 

kinematic configurations and calculate the available 

segments for each. 

Step 2: Select the priority configuration pair 

(front or rear configurations) with the longest 

segments along the specified locus. 

Step 3: Create the path plan using the priority 

pair configuration, with switching points at the 

beginning and end of the determined segment of the 

preferred configurations. If necessary, empty path 

segments will be filled with the matching 

configuration from the remaining pair of 

configurations. 

Step 4: Adjust the path plan to reduce the 

number of configuration transitions based on the 

criteria function. 

Figure 10 illustrates the results of applying 

the algorithm to the data presented in Table 5 for the 

purpose of selecting inverse kinematic 

configurations. Among the available options, the 

front configuration pair (comprising configurations 

1 and 2) stands out, offering the longest path. This 

path encompasses 925 configurations, stretching 

from the 1st point of configuration 2 to the 457th 

point and from the 523rd point of configuration 1 to 

the 1000th point. In contrast, the rear configuration 

pair (consisting of configurations 3 and 4) covers 

705 configurations, spanning from the 168th to the 

436th point of configuration 4 and from the 389th 

point to the 873rd point of configuration 3. These 

distinct point segments are depicted using dashed 

lines. 

As a result, priority is given to the front 

configuration pair for path planning. This front pair 

is emphasized with a continuous blue line, 

indicating transition points at the initial point, the 

457th point, the 532nd point, and the endpoint at the 

1000th point. 

Figure 11 depicts the inverse kinematic 

configurations at these transition points. The locus 

initiates with configuration 2 at the first point 

(Figure 11.a), transitions to configuration 3 at the 

457th point (Figure 11.b), and maintains this 

configuration until shifting to configuration 1 at the 

532nd point (Figure 11.c). The robot operates in 
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configuration 1 and concludes at the 1000th point 

(Figure 11.d). The proposed algorithm results in two 

configuration transitions at the 457th point and 532nd 

point. 

 

Algorithm Path planning with multi-configuration selection 

Require: workspace of four inverse configurations, end-effector locus 

Ensure: Minimizing the number of configuration transitions 

1: procedure Path planning 

2: for i =1 to 4 (configuration) do 

3:      for j: =1 to 1000 (n points) do 

4:             if point and orientation is available then 

5:                  record (i, j) 

6:            end 

7:      end 

8:      segments(i) = available (record (i,:)) 

9: end 

10:      piority_pair = max (segment (1-2;3-4)) 

11:      sw_points_temp = edge of priority segments 

12:      path_planning_temp = start_point → sw_points_temp → end point 

13:      criteria = number of configuration transitions 

14: while criteria is not minimum do 

15:      update sw_points_temp 

16:      path_planning = start_point → sw_points_temp → end point 

17:      criteria = number of configuration transitions 

18: end 

 

 

 
Figure 10 Selection of the inverse configurations for path planning

Transition points 
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a) Configuration 2 at first point 

 

 
b) Configuration 3 at 457th point 

 

 
c) Configuration 1 at 532nd point 

 
d) Configuration 1 at the end point 

Figure 11 Selected inverse configuration at transition points. 

 

To test the practicality and effectiveness of 

the proposed algorithm for automatic configuration 

selection, it was applied to different paths of end-

effector position and orientation (from 

Experimental 2 to Experimental 4). Figure 12 

displays the survey results, including the position 

and orientation functions, as well as the automatic 

configuration selection. 

The survey results in Figures 11 and 12, 

covering various end-effector position and 

orientation functions, lead to the following 

conclusions: 

 

 - Various segments match inverse kinematic 

configurations according to the end-effector's 

position and orientation along the path. 

 - Configuration selection is necessary at 

specific switching points due to potential overlaps 

and varying segment lengths. 

 - Select suitable segments carefully to 

maintain continuous motion from the path's start to 

end, prioritizing configuration pairs with the most 

compatible segments. 

 - The auto-configure algorithm efficiently 

pinpoints switching points, minimizes transitions, 

and ensures stable, smooth control of the 6-DOF 

robot manipulator. 

This algorithm's architecture seamlessly 

integrates into autonomous robot controllers, 

enabling adaptability to new environments and 

potentially replacing expert-based pre-programmed 

controls. This adaptability extends to medical, 

defense, and rescue operations. 

457th point 
1st point 

1000th point 

532nd point 
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Experimental 2). 

 

Position functions: where π/10<t<π/4  

x(t)= 0.4sin(t)sin(6t); 

y(t)= 0.4sin(t)cos(6t); 

z(t)= 0.4cos(t)+0.4 

Orientation functions: where 0<t<2π 

ϕ(t)= 0.2sin(t)cos(0.2t); 

θ(t)= 0.2sin(t)cos(0.2t); 

ψ(t)= 0.4sin(t)cos(0.2t) 
 

Note: The path (blue line) starts with configuration 4 at the 

initial point, transitions to configuration 2 at point 152, 

shifts to configuration 3 at point 174, and concludes at 

point 1000. This results in two configuration transitions at 

points 152 and 174. 

a) Experimental 2: The rear configuration pair 

(configuration 3 and 4) is preferred. 

 

Experimental 3: 

Position functions: where -π/2<t<π/2 

x(t)= 0.4sin(t); 

y(t)= 0.5x(t); 

z(t)= 0.4cos(t)+0.48; 

Orientation functions: where 0<t<2π 

ϕ(t)= 0.1sin(t)cos(0.1t); 

θ(t)= -0.1sin(t)cos(0.1t); 

ψ(t)= -0.2sin(t)cos(0.2t); 

Note: The path (blue line) starts with configuration 3 at the 

initial point, switches to configuration 1 at point 21, shifts 

to configuration 2 at point 507, returns to configuration 1 

at point 659, and concludes at point 1000. This results in 

three configuration transitions at points 21, 507, and 659. 

b) Experimental 3: The front configuration pair 

(configuration 1 and 2) is preferred. 

 

 

Experimental 4: 

Position functions: where 0<t<π/2 

x(t)= 0.4sin(t)sin(10t); 

y(t)= 0.4sin(t)cos(10t); 

z(t)= 0.4cos(t)+0.5; 

Orientation functions: where 0<t<2π 

ϕ(t)= 0.1sin(t)cos(0.1t); 

θ(t)= -0.1sin(t)cos(0.1t); 

ψ(t)= -0.2sin(t)cos(0.2t); 

Note:  The path (blue line) starts with configuration 1 at 

the beginning, transitions to configuration 2 at the 46th 

point, shifts to configuration 3 at the 165th point, reverts 

to configuration 1 at the 181st point, and ends at point 

1000. This results in three configuration transitions 

occurring at points 46, 165, and 181. 

c) Experimental 4: The front configuration pair 

(configuration 1 and 2) is preferred.  

 

Figure 12 Automated inverse kinematic configuration selection for various path planning 

 

  

Transition points 

Transition points 

Transition points 
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5.  Conclusion 

In this paper, we delve into the kinematics of 

a six-degree-of-freedom robot configuration. We 

conquered the challenge of forward kinematics by 

employing the Denavit-Hartenberg matrix method. 

Additionally, we simplified the intricate problem of 

multi-solution inverse kinematics through 

geometric analysis, breaking it down into two 

critical stages: calculation and angle solution 

selection. 

To facilitate our simulation survey, we 

designed a dedicated computer program for 

simulating the robot's operational configurations. 

Our survey revealed a variety of working points in 

space for inverse configurations, accounting for 

joint angle constraints. Importantly, we highlighted 

the reduction in the robot's operational workspace 

when considering joint angles. 

To address diverse path planning scenarios, 

we introduced an algorithm capable of 

autonomously selecting the most suitable inverse 

kinematic configurations. Our results showcased 

the robot's adeptness at automatic and efficient 

configuration switching, aimed at minimizing 

transitions. This algorithm shows promise for 

application in intelligent robotic systems and 

unfamiliar environments. Our upcoming research 

will delve into the topic of using intelligent 

algorithms to plan paths for 6-degree-of-freedom 

robots. 
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